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Abstract 

The article is devoted to stochastic processes with values in finite- 
and infinite-dimensional vector spaces over infinite fields K of zero 
characteristics with non-trivial non-archimedean norms. For different 
types of stochastic processes controlled by measures with values in 
K and in complete topological vector spaces over K stochastic inte- 
grals are investigated. Vector valued measures and integrals in spaces 
over K are studied. Theorems about spectral decompositions of non- 
archimedean stochastic processes are proved. 



1 Introduction 

Stochastic integrals and spectral representations of stochastic processes are 
widely used over the fields of real and complex numbers [7, 16, 17, 18, 39, 
40]. If consider stochastic processes in topological groups or metric spaces 
it gives some generalization, but many specific features of topological vector 
spaces and results in them may naturally be missed [35, 34, 18, 40]. At 
the same time non-archimedean analysis is being fast developed in recent 
years [22, 37, 38, 41, 11]. It has found applications in non-archimedean 
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quantum mechanics and quantum field theory [41, 3, 9, 6, 19]. These parts 
of mathematical physics heavily depend on probability theory [2]. Then it 
is very natural in the analysis on totally disconnected topological spaces 
and totally disconnected topological groups [37, 28]. Stochastic processes 
on such groups also permit to investigate their isometric representations in 
non-archimcdcan spaces. 

Remind that non-archimedean fields K have non-archimedean norms, for 
example, for the field of p-adic numbers Qp, where p > 1 is a prime number 
[22, 37, 42]. Multiplicative norms in such fields K satisfy the strong triangle 
inequality: [a; + i/| < max(|a;|, \y\) for each x,y eK.. 

Besides locally compact fields we consider also non locally compact fields. 
For example, the algebraic closure of Qp can be supplied with the multiplica- 
tive non-archimedean norm and its completion relative to this norm gives the 
field Cp of complex p-adic numbers. The field Cp is algebraically closed and 
complete relative to its norm [22]. Its valuation group := {\z\ : z E 
Cp,z 7^ 0} is isomorphic with the multiplicative group {p^ : x G Q}. There 
exist larger fields Up being extensions of Qp such that = {p^ '■ x G R}. 
There are known extensions with the help of the spherical completions also, 
if an initial field is not such [37, 38, 8, 11]. 

Stochastic processes on spaces of functions with domains of definition in 
a non-archimedean linear space and with ranges in the field of real R or 
complex numbers C were considered in works [4, 12]-[15, 21, 23]. Another 
types of non-archimedean stochastic processes are possible depending on a 
domain of definition, a range of values of functions, values of measures in 
either the real field or a non-archimedean field [24, 30, 32, 43]. Moreover, a 
time parameter may be real or non-archimedean and so on, that is a lot of 
problems for investigations arise. 

Stochastic processes with values in non-archimedean spaces appear while 
their studies for non-archimedean Banach spaces, totally disconnected topo- 
logical groups and manifolds [25]- [29]. Very great importance branching pro- 
cesses in graphs also have [1, 17, 18]. For finite or infinite graphs with finite 
degrees of vertices there is possible to consider their embeddings into p-adic 
graphs, which can be embedded into locally compact fields. Considerations 
of such processes reduce to processes with values in the field Qp of p-adic 
numbers. Stochastic processes on p-adic graphs also have applications in 
analysis of fiows of information, mathematical psychology and biology [20]. 

More specific features arise, when measures with values in non-archimedean 
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fields are considered, so this article continuous previous works of the author 
in this area [25, 30, 31, 32]. 

In this article representations of stochastic processes with values in finite- 
and infinite-dimensional vector spaces over infinite fields with non-trivial 
non-archimedean norms are investigated. Below different types of stochastic 
processes controlled by measures with values in non-archimcdcan fields of 
zero characteristic and stochastic integrals are studied. Theorems about 
spectral decompositions of non-archimedean stochastic processes are proved 
(see, for example, §§20-29, 75-82, Lemmas 27 and 29, Theorems 20, 79, 81). 
Moreover, special features of the non-archimedean case are elucidated. These 
features arise from many differences of the classical over R and C analysis 
and the non-archimedean analysis. General constructions of the paper are 
illustrated in Examples 9, 31.1, 40, 74, Theorem 41, etc., where applications 
to totally disconnected topological groups are discussed as well. 

Some necessary facts from non-archimedean probability theory and non- 
archimedean analysis arc recalled that to make reading easier (see, for exam- 
ple, §§1-6 in section 2), as well as developed below, when it is essential. The 
main results of this paper are obtained for the first time. It is necessary to 
note that in this article measures and stochastic processes with values not 
only in non-archimedean fields (see section 2), but also with values in topo- 
logical linear spaces which may be infinite dimensional over non-archimedean 
fields are studied (see §§44-74 in section 3). 

Stochastic processes with values in Qp have natural interesting applica- 
tions, for which a time parameter may be either real or p-adic. A random 
trajectory in Qp may be continuous relative to the non-archimcdcan norm 
in Qp, but its trajectory in Q" relative to the usual metric induced by the 
real metric may be discontinuous. This gives new approach to spasmodic 
or jump or discontinuous stochastic processes with values in Q", when the 
latter is considered as embedded into R". 

2 Scalar spectral functions 

To avoid misunderstandings we first present our notations and definitions 
and recall the basic facts. 

1. Definitions. Let G be a completely regular totally disconnected 
topological space, let also TZ be its covering ring of subsets in G, [j{A : A e 
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TZ} = G. We call the ring separating, if for each two distinct points x,y & G 
there exists A E 71 such that x E A, y ^ A. A subfamily S G 71 is called 
shrinking, if an intersection of each two elements from A contains an element 
from A. If ^ is a shrinking family, / : 7?. — > K, where K = R or K is the 
field with the non-archimedcan norm, then it is written lim^g^/(y4) = 0, if 
for each e > there exists Aq E A such that |/(^)| < e for each A E A with 
A C Ao. 

A measure // : 7?. — > K is a mapping with values in the field K of zero 
characteristic with the non-archimedean norm satisfying the following prop- 
erties: 

(i) fi is additive; 

(a) for each A e 71 the set {i^{B) : B e 71, A G B} is bounded; 

[iii) if A is the shrinking family in 7Z and HaeA — ^, then lim^e_4 IJ,{A) = 

0. 

Measures on Bco(G) are called tight measure, where Bco(G) is the ring 
of clopen (simultaneously open and closed) subsets in G. 

For each A E 7Z there is defined the norm: \\A\\n := sup{\n{B)\ : B C 
A,Be 7Z}. For functions f : G ^ X, where X is a Banach space over K 
and : G — > [0, +00) define the norm ||/||</> := sup{|/(x)|0(x) : x e G}. 

More generally for a complete locally K-convex space X with a family of 
non-archimedcan semi-norms S = {u} [33] define the family of semi-norms 
||/||(/>,u := S:up{u{f {x))(j){x) : x G G}. Recall that a subset in X is called 
absolutely K-convex or a K-disc, if VB + VB C V, where B :— {x E K. : 
\x\ < 1}. Translates x + V oi absolutely K-convex sets are called K-convex, 
where x E X. A topological vector space over K is called K-convex, if it has 
a base of K-convex neighborhoods of zero (see 5.202 and 5.203 [33]). A semi- 
norm M in X is called non-archimedean, iiu{x + y) < ma.x[u{x) , u{y)] for each 
x,y E X. A topological vector space X over K is locally K-convex if and 
only if its topology is generated by a family of non-archimedean semi-norms. 
Therefore, a complete K-convex space is the projective limit of Banach spaces 
over K (see 6.204, 6.205 and 12.202 [33]). 

Put also Nn{x) := inf{||?7||^ : x E U E 7Z} for each x E G. If a function / 
is a finite linear combination over the field K of characteristic functions CHa 
of subsets A C G from 7Z, then it is called simple. A function f : G ^ X 
is called ^-intcgrable, if there exists a sequence /i,/2, ... of simple functions 
such that there exists hm„^oo 11/ ~ fn\\N^,,u = for each u E S. 

The space L{iJ,,X) = L{G, 7Z, n, X) of all /x-integrable functions with 
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values in X is K-lincar. At the same time jQj2j=iajChA^{x)/j{dx) : = 
jyj=iajn{Aj) for simple functions extends onto L{n,X), where aj G X, 
Aj e TZ for each j. 

Put := {A : A G G,ChA G L(/i,K)}. For A e TZ^ let fi{A) := 

/GXA(a:)^(rf.T). 

For 1 < g < oo denote by 

ll/llg := [sup3.g(^ \f{x)\'^Nfj^{x)Y^'^ for a simple function f : G ^ X, when 
X is the Banach space, or 

'■— [supj.g(5 M(/(a;))'^iV^(a;)]^/'^ for each u E S, when X is the com- 
plete K-convex space. The completion of the space of all simple functions by 
II * \\q or by {II * \\g_u '■ u G S} denote by X), where X) = L^{iJi, X). 

Let G be a totally disconnected completely regular space, let also Bc(G) be 
a covering ring of clopen compact subsets in G, suppose that : Bc(G) — > K 
is a finitely-additive function such that its restriction /i|^ for each A G Bc(G) 
is a measure on a separating covering ring TZ{G)\a-i where Bc(G)|a — T^Ai 
n\A-= {E eU: E C A}. 

A measure : 7^ — > K is called absolutely continuous relative to a 
measure : 7?. — > K, if there exists a function / G L{n, K) such that 
r]{A) — ^QChA{x)f{x)iJt,{dx) for each A e TZ, denote it by ^ li rj ^ fj, 
and ^ ^ f], then we say that t] and are equivalent ?7 ~ yU. 

A K- valued measure P on TZiX) we call a probability measure if ||X||p =: 
||P|| = 1 and P{X) = 1 (see [32]). 

The following statements from the non-archimedean functional analysis 
proved in [37] are useful. 

2. Lemma Let ji he a measure on TZ. There exists a unique function 
: G — 5> [0, oo) such that 

(1) WCHaWn, = \\A\\,; 

(2) if4>:G^ [0, oo) and WCHaU < \\A\\^ for each AeTZ, then 4> < N^; 
Nn{x) = mf^^A,Aen WMn for each x eX. 

3. Theorem. Let ^ be a measure on TZ. Then TZ^ is a covering ring of 
G and jl is a measure on TZ^^ that extends fi. 

4. Lemma. If n is a measure on TZ, then = Np and TZ^ = TZp,. 

5. Theorem. Let /i be a measure on TZ, then Nfj_ is upper semi- 
continuous and for every A G TZ/^ and e > the set {x E A : Ni^{x) > e} is 
TZfj_- compact. 

6. Theorem. Let fj, be a measure on TZ, let also S be a separating 
covering ring of G which is a sub-ring of TZ^ and let v be a restriction of fi 
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onto S. Then Su = TZ^ and u = j2. 

7. Notations and definitions. Let {fl, A, P) - be a probability space, 
where Q is a space of elementary events, ^ is a separating covering ring of 
events in Q, Tl{Q) C ^ C TZp{fl), P : ^ — > K is a probability, K is a 
non-arcliimedean field of zero characteristic, char(K) = 0, complete relative 
to its multiplicative norm, K D Qp, 1 < p is a prime number, Qp is the field 
of ]9-adic numbers. 

Denote by ^ a random vector (a random variable for n = 1) with values in 
K" or in a linear topological space X over K such that it has the probability 
distribution P^{A) = P{{lu e f2 : ^{uj) E A}) for each A G Ti{X), where 
^ : i7 ^ X, ^ is (^, 7^(X))-measurable, where TZ{X) is a separating covering 
ring of X such that C Bco(X), Bco(X) denotes the separating covering 

ring of all clopen (simultaneously closed and open) subsets in X. That is, 
^~^{TZ{X)) (Z A. If T is a set and ^(t) is a random vector for each t E T, 
then ^(t) is called a random function (or stochastic function). Particularly, 
if T is a subset in a field, then ^{t) is called a stochastic process, while t eT 
is interpreted as the time parameter. 

As usually put M{^^) := J^^''{u)P{duj) for a random variable ^ and 
A; e N whenever it exists. 

Random vectors ^ and 1] with values in X are called independent, if 
P({C eA,r]eB})= P({^ G A})P{{r] G B}) for each A, B e 7^(X). 

8. Definition. Let {fl,7l,P} be a probability space with a probability 
measure with values in a non-archimedean field K complete relative to its 
multiplicative norm, K D Qp. Consider a set G and a ring J of its subsets. 
Let ^{A) = ^(o;, ^4), a; e n, be a K - valued random variable for each A e J 
such that 

(Ml) ^{A) G Y, ^(0) = 0, where Y = ^^(fi, 7^, P, K); 
(M2) ^(^1 U A2) = ^{Ai) + ^(^2) mod{P) for each ^1,^2 e J with 
^1 n A2 = 0; 

(M3) M(e(A)e(^))=/i(AnA2); 

(M4) M(^(Ai)^(A2)) = for each n A2 = 0, ^1,^2 G J, that is 
^{Ai) and ^(^2) are orthogonal random variables, where ^{A) G K for each 
A,Ai,A2 G J. 

The family of random variables {^{A) : A & J} satisfying Conditions 
(Ml — M4) we shall call the elementary orthogonal K-valued stochastic 
measure. 

9. Example. If ^{A) has a zero mean value M^[A) = for each 
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A G J, while ^{Ai) and ■^(^2) are independent random variables for Ai, A2 G 
J with Ai n A2 = 0, then they are orthogonal, since M{^{Ai)^{A2)) = 
{MC{A,)){M^{A2)). 

10. Lemma. The function fi from Definition 8 is additive. 

Proof. Since ^{A) eY = L'^{n, 7^, P, K) for each A e J, then there ex- 
ists M^{A) = ^{u, A)P{dw), since sup^g^ ^)I'A^p(^) < sup^g^ U^, A)\'Np{uj) 
for the probability measure P having Np[x) < 1 for each a; G G, that is, 

L\n, 7^, p, K) c 7^, p, k). 

Therefore, from Conditions (M2,M4) for each Ai,A2 G J with the void 
intersection Ai H A2 = $ the equalities follow: 

M(e2(AiuA2)) = M[(e(Ai)+e(A2))2] 

= M[e{A,) + 2^{A,)^{A2)+e{A2)] = Me{Ai) + MeiA2). In view of (M3) 
this gives 

/x(AiUA2) = fl{A^)+ fl{A2). 

11. Note. Suppose that fi has an extension to a measure on the sep- 
arating covering ring 71{G), G is a totally disconnected completely regular 
space, where J C TZ^iG). 

12. Definitions. Let a random function ^{t) be with values in a complete 
hnear locally K-convex space X over K, i G T, where (T, p) is a metric space 
with a metric p. Then ^(t) is called stochastically continuous at a point to, 
if for each e > there exists \iviip{t,U))^o P{{u{^{t) — C,(to)) > e}) = for each 
u E S. If ^{t) is stochastically continuous at each point of a subset E in T, 
then it is called stochastically continuous on E. 

If lim^^^oo supjgg P({M(^(t)) > R}) — for each u E S, then a random 
function ^{t) is called stochastically bounded on E. 

Let L^{TZ{G),X) denotes the class of all step (simple) functions f{x) = 
Y^k=i^kChAk{x), where Ck E X, Ak E Ti-iG) for each k = l,...,m G N, 
Ak f] Aj — $ for each k ^ j. Then the non-archimedean stochastic integral 
by the elementary orthogonal stochastic measure ^{A) of / G LP{TZ{G),X) 
is defined by the formula: 

{SI) viiu) := J^fix)aiO,dx) := ET=iCka^,Ak)- 

13. Lemma. Let f,g E L^{n{G),K), where f{x) = ET=iCkChA,{x) 
andg{x) = E™=i 4C/ia^^(x), then M{J(. f{x)^{dx) Jq g{y)^{dy)) = Er=i Cfc4/^(^fc) 
and there exists a K.-linear embedding of L^{TZ{G),K.) into L^(/x,K). 

Proof. In view of Conditions (M1,M2) there exists Jq f{x)C,{uj,dx) E 
Y = L{P). Since fa fix^dx) Ja giyMdy) = Etj=iCkdj^A,)^{Aj, then 
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MUGfix)adx)Jagmidy)) = T.l,=,cud,M{i{Au)i{A,)) = ET=iCkdkKAk) 

due to Conditions (M3,M4), since (1 Aj = (/) for each j ^ k. This 

gives the K-hnear embedding 9 of L^{TZ{G),'K) into L^(//,K) such that 

0{f) = j:k=iCkChA,{x) and 

W = [max-,|c,psup,,^^7V^(x)]V2 = [max- Jcfe|lA,|U] < 

oo due to Lemma 2. 

14. Note. Denote by L\n{G),K) the completion of L°{n{G),K) by 
the norm || * ||2 induced from K). 

15. Definition. Let L^{C,,X) denotes the class of all step (simple) 
functions f{x) = J2k=i'^kC,{Ak), where Ck E X, Ak E Ti{G) for each k = 
l,...,m G N, Afc n Aj = for each k ^ j. Then the non-archimedean 
stochastic integral by the elementary orthogonal stochastic measure ^{A) of 
/ e X) is defined by the formula: 

(SI) riiuj) := Jaf{x)C{uj,dx) := Ek=iCka^, A^). 

16. Lemma. Let f,g G L°(,^,K), where f{x) = Y^k=i'^k^i^k) and 
9ix) = Ulidka^k), then MUg f\^)i{dx) gm^dy)) = Er=i Cfc4/i(Afe) 
and there exists a K-linear embedding of L'^ {71(G), K.) into L^(P, K). 

Proof. In view of Conditions (M1,M2) there exists Jq f{x)^{uj,dx) e 
Y = L{P, K). But / is the step function, hence 

« ll/IU^(p,K) = [max™ Jc,psup,,^|e2(u;,A,)|7Vp(x)]V2 
= [max^=Jc,nie(*,A,)||i.(p)]V2<oo 

and inevitably / e L^{,P)- Thus the mapping ip{f) := YIk=i CkGhA^{x) gives 
the K-hnear embedding of L'^{^, K) into L'^{P, K). The second statement is 
verified as in Lemma 13 due to Formulas 12, 15(5'/). 

17. Note. Denote by L^(^,K) the completion of L°(^,K) by the norm 
II * II2 induced from L^(P, K). 

18. Corollary. The mappings 12{SI) and 15{SI) and Conditions (MI- 
MA) induce an isometry between L'^{7l{G),K.) and L'^{C)- 

Proof. The valuation group Fk := {\z\ : z E K., z 0} is contained 
in (0,00). In view of Theorem 5, Lemma 10 and Note 11 without loss of 
generality for a step function / we take a representation with Ak G 7^(G) 
such that ll^fcll^ = |/x(^fe)| for each k = 1, ...,m. The family of all such step 
functions is everywhere dense in L'^{JZ{G), K). 

Since M{e{A)) = ix{A) for each A e 7^(G'), then N^{x) = infAe7^(G),xGA ||^IU, 
where ||A||^ = sup{|/x(5)| : B e n{G),B C A} = sup{\M{C\B))\ : 
B e n{G),B C A}. On the other hand, M{C'^{B)) = J^^^lu, B)P{duj), 
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\M{C,'^{B))\ < supj^gQ B)\Np{uj). By our supposition fi is the measure, 

hence taking a shrinking family S in TZ{G) such that Hass ^ = {^} we get 

^"^(x) = miAen{G),xGA[snj)Ben{G),BcASuPu^e^^ ICi^^, B)\^Np{uj)]. 
Thus A/'^(a;) = infAen{G),xeA[supBen{G),BcAU'^i*,B)\\L2(^p)] and = 
||^(*, Afc)||^2(p) for each k — 1, ...,m due to Lemma 2 and due to the choice 
\\Ak\\f, = \fi{Ak)\ above. 

The mapping tjj from §16 also is K-hnear from L^{^) into L^{TZ{G),K.) 
such that ip is the isometry relative to || * \\l^{p) and || * due to For- 

mulas 13(2) and 16(i) and Lemma 2. Two spaces LF'{P) and L'^{ij) are com- 
plete by their definitions, consequently, ip has the K-linear extension from 
L2(7^(G'),K) onto L'^{i) which is the isometry between L'^{n{G),K) and 

19. Definition. If / e L'^{n{G), K), then put by the definition: 

v = m = iGfi^ndx). 

The random variable 1] we call the non-archimedean stochastic integral of 
the function / by measure ^. 

Taking a limit in L'^{P,X) we denote also by l.i.m.. 

20. Theorems. 1. For a step function f{x) — YZ=i'^kChA,,{x), where 
ttk e K, ^4^ e "^(G), n — n{f) e N, the stochastic integral is given by the 
formula: 

V = .U{x)i{dx) = Y:U<^ki{Ak). 

2. For each f,g E L'^(7l{G),K.) there is the identity: 
M{f^f{x)i{dx)fcg{y)i{dy)) = f{x)g{x)f,{dx). 

3. For each f,g & L'^{TZ{G),K.) and q;,/3 e K the stochastic integral is 
K.- linear: 

lG[(^fix) + P9{x)]^{dx) = aJGf{x)^{dx) + /3 JG9{x)^{dx). 

4. For each sequence of functions fn G L^(G, 7^(G), /x, K) such that 
lim„^oo 11/ ~ /n|U2(^^K) = there is exists the limit: 

lGf{x)^{dx) = l.i.m.n^^ Jo fn{x)C{dx). 

5. There exists an extension of ^ from TZ onto TZ^{G). 

Proof. Statements of (1) and (3) follow from the consideration above. 
To finish the proof of (2) it is sufficient to show that fg G L^{fi, K), if / and 
g e L^(//,K), where fj, is the measure on G. Since 2\f{x)g{x)\ < \f{x)\'^ + 
\gix)\^ for each x e G, then 2sup^^a\f{x)g{x)\Nf,{x) < sup^^a{\f{x)\'^ + 
\g{x)\^)Nf,{x) < ||/||i2(^) + ||5'|li2(^), consequently, f{x)g{x) is ^-intcgrable. 

4. Fromlim„_.^[sup,,Gl/(^)-/n(^)l'^M(^)] = and M[/c(/-/„)(x)e(cix) 
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fn)m{dy)] = SGU~fn?{x)^i{dx) it follows, that lim^^oo M[ilcU-fn){x)i{dx)f] = 
0, that is l.i.m.n^oo !g fri{x)^{dx) = Jg f{x)^{dx) due to Corollary 18. 

5. Extend now the stochastic measure ^ from 71(G) to ^ on TZ^{G). If 
A e 7^^(G'), then CHa E L{G,n{G), fi,K). Since CHa E L{G,n{G), fi,K), 
then sup^g^ iV^(a;) < cxd. Put := jQGhA{x)$,{dx) — J^^{dx) for each 
A G TZf^{G), consequently, 

(1) ^ is defined on 1Z^{G). 

Therefore, = ^(A) for each A e 7^(G). For each A,B e n^,{G) there 
exist sequences of simple functions /„ = Y.k(^k,nChA^^^, Qm = Y.ih,niChBi^^ 

with ak,n,bl,m e K, Ak,n,Bi^rn E n{G) SUch that lim^^oo WCHa - /n||L(^) = 

and lim„_,oo WChs - fi'm||L(^) = 0. Since M{ak,nl{Ak,n)h,m^{Bi,m)) = 
ak,nh,m^-{Ak,n^Bi^^) for each k,n,l,m, then 

(2) M{i{A)i{B)) = fi{A n B) for each A, S e 7^^(G'), where p, is the 
extension of the measure // from Tl{G) on 7?.^(G). If <S C Tln{G) is a shrinking 
family such that flAes ^ = 0! then 

(3) l.i.m.A(^si{A) = due to Corollary 18, since M[|(^)]2 = fj,{A) and 
lim^£5 A*(^) = due to Theorem 3. 

21. Definition. A random function of sets satisfying conditions 20.5(1 — 
3) is called the orthogonal stochastic measure. 

22. Corollary. Let ^ and i be as in Theorem 20.5, then L'^{C,K) = 

23. Note. If ^ is an orthogonal stochastic measure with a structure 
measure /i on 7^^ (G) and E L^(/i, K), then put p(A) := jQChA{x)g{x)^{dx) 
for each A e 71^{G) and ^{A) := J^g'^{x)n{dx). 

24. Lemma. /// e L^(i/, K), then f{x)g{x) E L^(/i, K) ano? jQf{x)p{dx) = 

Proof. In view of Theorems 20 for each A,B E TZ^iG) there is the 
equality 

M[p{A)p{B)] = M[SQChA{x)g{x)^{dx) SGChB{y)g{y)^{dy) 

= lAnB9'^ix)Kdx) =u{AnB). 
Since g G K), then u is the measure absolutely continuous relative 

to p on TZn{G). If /(x) = J^kC'kChA^ix) is a simple function with G 
K and G 7e^(G), then jQf{x)p{dx) = Ek^k lGChA^:{x)g{x)^{dx) = 
T^k^kPiAk) = JGf{x)g{x)^{dx), since 

sup^eG < [max^ \a\l] sup^g^ < ^• 

If /„ is a fundamental sequence of simple functions in {i/, K) , then M[{jQ{fn— 
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fm){x)p{dx)y] = Jclifn - fni){x)]'^g^{x)j^{dx), hence fnQ is the fundamental 
sequence in L^(/i,,K). Therefore, there exists 

hm„^oo Ig fn{x)p{dx) = hm !Gfn{x)g{x)i{dx), 
consequently, f{x)p{dx) = Jq f{x)g{x)$^{dx). 

25. Lemma. If A e n^{G), then i{A) = J(.[ChAix) / g{x)]p{dx) . 
Proof. Since z/({a; : g{x) = 0}) = 0, then l/g{x) is defined //-almost 

everywhere on G, hence jQ[ChA{x)/ g'^{x)]i'{dx) = jQ[g^{x)/ g^{x)]p{dx) = 
Ijl{A). In view of Lemma 24 jQ[ChA{x) / g{x)]p{dx) — jQ[ChA{x)g{x) / g{x)]^{dx) — 

26. Notation and Remark. Let T be a totally disconnected Hausdorff 
topological space with a separating covering ring TZ{T) and with a non-trivial 
measure h : TZ{T) — K. Denote by B{X,x,R) := {y E X : p{x,y) < R} 
the ball in a metric space {X, p) with a metric p, < i? < oo. In particular, 
T may be either a clopen subset in Kr or a segment in R, h may be a non- 
trivial K-valued measure on a separating covering ring Tl{B(T,tQ, R)) for 
each toET and every < i? < oo, where n{B{T, to, Ri)) C n{B{T, to, R2)) 
for each < i?i < i?2 < 00 and each to E T, K D Qp, Kr D Qp', r = p', r 
and p are primes, K and Kr are non-archimedean fields complete relative to 
their multiplicative norms. 

There exists a continuous mapping from a clopen subset in Qp onto [a, b] 
in R, —00 < a < 6 < 00 (see [10]), hence a suitable separating covering ring 
71{T) and h exist on [a, b]. 

Recall that a measure h : Bc(Kr) — > K is called the Haar measure, if 
h{t + B) — h{B) for each clopen compact subset B in Kr and each t E Kr- 
The Haar measure exists due to the Monna-Springer Theorem 8.4 [37], when 
r ^ p arc mutually prime, {r,p) = 1, since -B(Kr, 0, R) is p-free. For example, 
there can be taken a non-trivial K-valued Haar measure h on Bc(Kr) such 
that /i(i?(Kr, 0, 1)) = 1, but generally we do not demand, that h is a Haar 
measure or r 7^ p. 

Suppose that a function g{t,x) on T x G is IZh x 7^^-measurable and 
g E L^T xG,nhX n^, hx ii,K), where TZh := Be jKr). 

27. Lemma. The stochastic integral 

(1) p{t) = Jq g{t,x)^{dx) is defined for each t E T for P-almost all 
uj E and it can he defined such that the stochastic function p{t) would 
he measurable. 

Proof. If g{t,x) = J2k(^kChBi^{t)ChA,.{x) is a simple function with 
Ak E and B^ E TZh and G K for each k = l,...,m, m e N, 
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then p{t) = Y^k(^kChB,.{t)$,{Ak) is TZh x ^-measurable function of variables 
{t,u) E T xQ (see also Definitions 7). For each g E L'^{h x n, K) there exists 
a sequence of simple functions gn{t, x) such that lim„_>oo s^PteTxeG Idi'^^ ^) ~ 
g^{t,x)\^Nf,{t)N^{x) = 0. 

Let Pn{t) '■= Jq gnit,x)^{dx), then there exists a stochastic function p{t) 
such that lim„^oo supjg2" \M[{p{t) — pn{t))'^]\Nfi{t) = 0. There is the equal- 
ity JrpM[{p{t) — pn{t))^]h{dt) = Jrp jQ[g{t,x) — gn{t,x)]'^iJ,{dx)h{dt), hence 
sup.gy \M[{p{t)-pn{t)Y]\Nh{t) < sup,^T,^G \g{t,x)-gr,{t,x)\^Nh{t)N^{x) < 
oo and inevitably the stochastic function p{t) is TZh x .A-measurable by 
(t,uj) G T X Q and it exists with the unit probability. Thus h{{t e A : 
M[{p{t) - = 0}) = h{A) for each A e 7^(T). 

Finally put r/(t) = p{t) if P{{p{t) ^ p{t)}) = 0, while ri{t) = p{t) if 
P{{p{^) 7^ 7^ 0. Therefore, the stochastic function 77 is 7?./j x A- 

measurablc, since r] differs from IZh x .4- measurable function p{t) on a set of 
zero h x P-measure and 7] is stochastically equivalent with p. 

28. Remark. Henceforth, due to Lemma 27 we shall suppose that the 
stochastic integrals 27(1) are TZh x ^-measurable. 

29. Lemma. If g{t,y) and z(t) areTZhXTZ^ and TZh-measurahle func- 
tions, g e L^{T xK,TZhX TZ^,h x p,K) and z e L'^{T,TZh,h,K), ^ is an 
orthogonal stochastic measure on (K,TZ^), then 

(1) lTmiK9it,yndy)h{dt) = !^q{y)i{dy), 
where q{y) = z{t)g{t,y)h{dt). 

Proof. Since z e L'^{h) and g e L'^{h x n), then 

(2) snp^^r,yeK W)9{t,y)?Nl{t)N,{y) < 

[sup.gy \z{t)\^Nh{t)] ^MVteT,yei<L \9{t^y)\^Nh{t)N^{y) < 00. 
Consider g G L'^{h x ji) and a sequence gn{t,y) = T.k(^k,nChB^^^^{t)ChA,,^Sy) 
of step functions converging to g in L^(/i x /x, K), where afe,„ G K, Ak^n G 'TZ^, 
Bk,n £ T^h for each k, n. The mean value of the square of the left side of 
Equation (1) is: 

(3) M{U^zit)J^git,y)ady)h{dt)]') 

= (It It ziti)z{t2) J-K9iti, y)git2, y)ii{dy)h{dti)h{dt2) 
= !ASTz{t)g{t,y)h{dt)fii{dy). 

Equation (1) is satisfied for step functions. In view of (3) the left an 
the right sides of (1) are continuous relative to taking a limit by gnit,y) 
in L'^{h X /i, K) in the mean square sense relative to the probability P as 
well as in the space L^{P, K). Since the family of step functions is dense in 
L^(/i X /X, K), then the statement of this Lemma follows. 
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30. Remark and Notation. If conditions of Lemma 29 are satisfied 
for eacli T = i?(Kr,0,i?), or T = [—R,R] respectively, < i? < cxd and if 
there exists 

/Kr 4t)9{t, y)h{dt) = lim^j^oo /B(Kr,o,R) zit)g{t, y)h{dt) 
in then 

(1) i,^^z{t)!^g{t,y)i{dy)h{dt) = Jj^siy)ady), 

where s{y) := Ji^^ z{t)g{t,y)h{dt). This follows from Lemma 29, since 
the left side of 30(1) is the limit of the left side of 29(1), when R tends to 
the infinity. In the right side of 29(1) it is possible to take the limit under 
the sign of the stochastic integral in the mean square sense relative to the 
probability P as well as in the space L'^{P). 

Describe now the generalization of the above construction onto K-linear 
spaces X, which may be infinite-dimensional over K. 

3 Vector spectral functions 

31. Let X be a complete locally K-convex space over an infinite field K 
of zero characteristic, char(K) = 0, with a non-archimcdean multiplicative 
norm relative to which K is complete. Then the space Lin{X, X) = Lin{X) 
of all K-linear continuous operators F : X ^ X is locally K convex and 
complete. A K-linear continuous operator F is called compact, if for each 
e > there exists a finite-dimensional over K vector subspace X^ such that 
it has a complement := X Q X^ m X and u{Fx) < eu{x) for each x & Z^^ 
and each semi-norm m in X, where Z^ is the K- vector subspace in X such 
that Z^r\Xe = {0}, Z^®X^ = X. Consider the subspace Lc{X) in Lin{X) 
of all compact operators in X. 

Let Wi : X —> X'^ and W2 '■ Lin{X) Lin{X) be linear isomorphisms 
of transposition denoted simply by W such that a restriction of W on each 
finite-dimensional subspace K" in X or Mat„(K) in Lin(K) gives W{F) 
a transposed vector or matrix, where Matn(K) denotes the K-linear space 
of all n X n matrices with entries in K. Suppose that there exist K-linear 
continuous multiplications 

(Tl) X xX 3 {a, b^} ^ (a, 6) G K and 

(T2) XxXb {a^, b} ^ [a, b] e Lc{X), 
where 6^ := W{b). 

31.1. Examples. Let X — co(q;,K) be the Banach space consisting 
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of vectors x = {xj : j G a,Xj G K) such that for each e > the set 
{j : \xj\ > e} is finite with the norm ||a;||co := sup^g^l^jl, where a is a 
set. Due to the Zermelo Theorem (see [10]) as a it can be taken an ordinal 
This Banach space co(q;,K) has the standard basis {ej : j G a}, where 
Cj = (0, ...,0, 1,0, ...) with 1 in the j-th place and others entries zero. This 
basis is orthonormal in the non-archimedean sense [37]. 

Then for each F G Lin[X) there are F^j G K such that 

(1) Fsi — Z)jGa -^ijSj for each i G a. 
If F G Lc{X), then for each e > the set /3{F) := {{i.j) : \Fij\ > e,i,j G a} 
is finite, where = span-K{ej : 3(i,j) V (j, i) G P{F)}, spanj^luj : j G 
P} := {z = aiUj^ + ... + akyji, : ai,...,ak G K, A; G N,ji,...,jk e P} denotes 
the K-linear span of vectors. 

If X is a row-vector, then W{x) is a column- vector. If F G Lin{co{a, K)), 
then [VF(F)]jj = F^ j for all i,j G a. Taking e„ = n G N, gives that 
X has non-zero entries only in a countable subset f3{x) G a and there exists 
limjfzaXj = 0. If a G X and b E X, then (a, 6) = J2jea(^jbj converges 
due to the non-archimedean inequality for the norm and limj^a djbj = 0. 
If a, 6 G X, then [a,b] — F with Fij — aibj for all l,j G a, consequently, 
F G Lc(co(a,K)). 

If the field K is spherically complete, then a Banach space over K is 
isomorphic with co(a,K) for some set a and each closed K-lincar subspace 
Z in X is complemented (see Theorems 5.13 and 5.16 [37]). Then certain 
closed K-linear subspaces of products of Banach spaces co{a,K.) can serve 
as further examples. 

32. Note. Henceforth, we shall suppose that 

(D) a complete K-convex space X (see §31) has an everywhere dense 
linear subspace Xq isomorphic with co(q;,K) such that a topology tq in Xq 
inherited from the topology r in X is weaker or equal to that of the norm 
topology Tc in co{a,K). 

In the particular case of Tq = we can take X = Co(q;, K). 

33. Lemma. Let X be a complete locally K.-convex space satisfying Con- 
dition 32{D). Then there exists a continuous linear mapping Tr : Lc{X) i— >• 
K. 

Proof. Consider an arbitrary F G Lc{X) and a semi-norm u in X. If 

a finite-dimensional over K subspace X^ is complemented in X, then there 
exists Xo,e := Xq n X^, Xo e X^ = Xq n =: Zq.o where ^ X Q X^ and 
Xo,e n Zo,e = {0}, since X,nZ, = {0}. Thus Xq = Xo,, © Zo,e. 
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Hence there exists the continuous compact restriction of F on Xq. Then 
for each e > there exists a finite-dimensional over K subspace Xo,e in Xq 
such that u{Fx) < eu{x) for each x e Zq ^^ and each semi-norm u in Xq. 
Therefore, 

(1) hmje„supjg„ \Fij\ = 0, 

since the family of semi-norms {u} separates points in X, where {ej : j G a} 
is the basis in Xq inherited from Co(a, K) and by the Zermelo theorem we 
take as a an ordinal (see Example 31.1). Consequently, J2j^a^j,j converges 
in K, since K is complete relative to its non-archimedean norm. Put 

(2) TrF\x,:=EjeaF,,. 

The space Xo,c is isomorphic with K"^ for some m G N, where the norm in 
K"" is equivalent to that of inherited from co(q;,K). Then each basic vector 
Vk in Xq^^ has an expansion over K by the basis {cj : j & a}, consequently, 
for each S > there exists a finite subset (3 in a such that H^a; — ?/jt||co < ^ 
for each k, where i/k G spanic{ej : j G P}. 

Thus for a suitable finite subset f3 in a for each x G X^^e there exists 
y G span-K{ej : j E P} such that u{x — y) < eu{x), since < u{ax + 
by) < max{\a\u{x) , \b\u{y)) for each x,y & X and a,b G K. Therefore, 
Tr : Lc{Xo) ^ K is the continuous K-linear mapping relative to the topology 
To in Xq provided by the family of semi-norms {u} and inevitably Tr has 
the continuous K-linear extension on the completion X of Xq relative to the 
locally K-convex topology r in X. 

34. CoroUciry. Let the conditions of Lemma 33 be satisfied and F G 
Lc{X). Then ||-F|xol|co(a,K) < oo- 

Proof. In view of 33(1) it follows that sup^jg^, |Fj j| < oo, but sup^jg^, |Fj j 

||-P'Uol|co{a,K)- 

35. Definition. Suppose that for each A G 'R'{G) there is a random 
vector ^{A) G X. Let it be satisfying the conditions: 

(Ml) ^{A) G Y, ^(0) = 0, where Y = L'^{Q, 7^, P, X); 

(M2) {{Ai U A2) = C(^i) + C(^) rnod{P) for each Ai, A2 G 7^(G') with 

^10^2 = 0; 

(Af3) M[^{A,),aA2)]=l^{A,nA2y, 

(M4) M[^(Ai), ^(^2)] = for each Ai n = 0, Ai, A2 G n{G), that is 
^{Ai) and ^(^2) are orthogonal random variables, where /i(^) G Lc{X) for 
each A,Ai,A2 G n{G). 

The family of random vectors {^{A) : A G Tl{G)} satisfying Conditions 
(Ml — M4) we shall call the (elementary) orthogonal X-valued stochastic 



15 



measure, the compact operator fi{A) is called the structural operator. 

36. Lemma. // Ai,A2 e Tl{G), Ai r\ A2 = 0, then U A2) = 

Proof. Generalizing the proof of Lemma 10 we get the statement of this 
lemma, since the product in X with values in Lc{X) is continuous and Lc{X) 
is the locally K-convcx space having also the structure of the algebra over 
K, while L\P,X) C L\P,X): 

f,{A, U A2) = M[C{A, U U A2)] = M[CiA^) + + 

C{A2)] = M[e(Ai),e(Ai)] +M[e(A2),e(A2)] = +/i(A2), since 

M[e(Ai),e(^2)] = and M[e(A2),e(Ai)] = for ^10^2 = 0. 

37. Note. Generalize Definitions 1. Let Z he a locally K-convex space 
with a family of semi-norms S{Z) defining its topology. If ^ is a shrinking 
family, / : 7?. — > Z, then we shall write liuiAeAfi^) = 0, if for each e > and 
each u G S{Z) there exists Aq e A such that u{f{A)) < e for each A e A 
with Ac Aq. 

A measure : 7^ ^ Z is a mapping with values in Z satisfying the 
following properties: 
(i) fi is additive; 

(a) for each ^ e 7^ the set {i^{B) : B e TZ, A C B} is bounded; 

(iii) if A is the shrinking family in TZ and HaeA ^ = 0) then lim^e^ A*(^) — 

0. 

Henceforth, we suppose that has an extension to a Lc(X)-valued mea- 
sure on the separating covering ring TZ{G) — TZ. 

38. Lemma. If X is a complete locally K.-convex space satisfying Con- 
dition 32{D) and ^ is as in ^37, then there exists the trace Triji{A) of n for 
each A G TZ{G). Moreover, Trfi is the K.-valued measure. 

Proof. In view of Lemma 33 there exists the continuous mapping Tr : 
Lc{X) — > K, hence Trn{A) e K for each A e TZ{G), since ii{A) is the com- 
pact operator. Then := sup„(^)^o,xex, u{n{A)x) / u{x) < su^ij^^\[n{A)\i^j 
lico < 00 due to Corollary 34, consequently, 

(1) \Tr^^{A)\<\MA)]\xX, 
for every A e TZ{G). Therefore, if A is the shrinking family in TZ and 
ClAeA^ = 0, then limAe^At(^) = 0, hence lim^^^ ||/i(A)||u = for each 
semi-norm u in X and inevitably lim^g,^ Tr = due to Inequality (1) 
and fi{A) e Lc{X) and 33(1). 

39. Definition. Let g be a complete locally K-convex algebra with a unit 
1 and X be a complete locally K-convex space satisfying Gondition 32(D) 
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and let simultaneously X be a unital left g-module, where g also satisfies 
Conditions 31 (Tl, T2). This means, that there exists a mapping gx X ^ X 
satisfying conditions (1 — 5): 

(1) b{xi + X2) = bxi + bx2, 

(2) (61 + b2)x = bix + b2X, 

(3) bi{b2x) = (6162)3;, 

(4) Ix = X, 

(5) there exists a family of consistent semi-norms S — {u} in g and 
X defining their Hausdorff topologies such that u{bx) < u{b)u{x), u{ab) < 

u{a)u{b), 

(6) {ax, by) = {b^ax, y) = {x, a^by) G K and 

(7) [ax, by] = [a, b][x, y] G Lc{X) such that Lc{X) is the left Lc(g)-module 
for each a, 6, 61, 62 G g and every x, y, Xi, X2 G X. 

For each / G LPiJZ, g) define the stochastic integral: 

{SI) r] = J(.f{x)^{dx) := Efcafe^(Afc), 
where f{x) = T.k<^kChA^,{x), at G g. 

By LP{^, g) = L^{^,) denote the family of all random vectors 7] of the form 
{SI). 

40. Examples. Consider either g = K or a subalgebra g in Lin{X) and 
X is a complete locally K-convex space, each semi-norm f in X induces the 
consistent semi-norm := sup^f^x,v{x)^o'^i^^)/'^i^) each F G L{X). 

For simplicity of the notation we can denote \\F\\^ also by v{F) and these 
semi-norms in X and in Lin{X) are consistent, since v{Fx) < \\F\\yv{x), 
where we distinguish v{F) and v{Fx), each multiple bl of the unit operator 
/ also belongs to Lin{X) for 6 G K. 

Take now a group H with a K-valucd measure v on IZ{II) or particularly 
u on Be (if) and H may be a topological totally disconnected group such 
that supj-gj:^ N,y{x) ~ 1. Let Ll{H, E^{H), h) be a completion of the family 
of all step functions / : if — > b with supports in A G Bc(ii) on which 
z/|yi is the measure relative to the family of all non-archimedean semi-norms 
||/||g,6,^ = [suPxeH,yeH v[f{y''^x)]'' N^{x)Y/'' < oo, whcrc 1 < g < 00, b is a 
complete locally convex algebra over K with a family of semi-norms {v} in 
it and b satisfies Conditions 31(T1,T2). Certainly v{xy) < v{x)v{y) for each 
x,y & h and every semi-norm v. In particular, this space is defined for the 
measure u on TZ{II). 

If /ii /2 £ -^fe(-f^) b), then define the convolutions 

(1) conv{fij2} ■■= {fi* f2}{x) := Jh fi{y-^x)f2{x)p{dx) and 
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(2) conv[fi,f2] := [fi * f2]{x) := Jnlfiiy ^x)j2{x)]u{dx) and 

(3) conv{fij2) := {fi * f2){x) := JH{My'^x)j2{x))iy{dx). 
They are defined for simple functions. If they exist then 

(4) SUp^^H,z&Hv[{fl * f2}iz-^x)]K{x) < 
S^PxeH,y&H,zeHAfl{y~^Z~^x)Hf2{z~^x)]N^{x)N^{z-^x) < ||/l||l,6,^||/2||l,M < 

OO and 

(5) SUp^^H,z€Hv[[fl* f2]{z-^x)]N^{x) < 
S^PxeH,y€H,z€HCvV[fi{y-^Z-^x)]v[f2{z-^x)]N^{x)N^{z-^x) < || /l || 1,6,^ || /2 || 1,M < 

OO and 

(6) \ifi*f2)iz-^x)\N,{x) < 

S^PxeH,yeH,zeHJvV[fl{y-^Z-^x)]v[f2{z-^x)]N^{x)N^{z-^x) < J„||/l||l,6,^||/2||l,M < 
OO, 

since the mappings 31(T1, T2) are continuous, where the semi-norm in Lin{h) 
induced by the semi- norm f in b is also denoted by v, Jy and arc finite 
semi-norms of the mappings 31 (Tl, T2) correspondingly relative to the semi- 
norm V in g. 

Therefore, the convolutions have the continuous extensions on Ll{H, u, b) =: 
X such that conv{fi, G Ll{H, b), conv[fi, f2] G Ll{H, Lc(b)), conv{fi, /2) G 
Ll{H,u,K.). The space X is K-linear and complete and it is the algebra 
with the multiplication being the convolution conv{fi, /2}. If 1 is not in this 
space adjoin it and we get the complete locally K-convex algebra with the 
unit l(a;) = 1 for each x E H. 

This is the group algebra X oi H over b. Particularly, we can take 
b — MatjnO^) ^1^*3 more general algebras as above. Then the transposition 
in b induces it in X = {H, u, b) such that 

(/i,/2) := Jnifiix), f2ix))iy{dx) G K and 

[/i,/2] := [/i * /2] G Lin{X) can be considered as the linear operator F 
on X such that F G Lin{X), 

(7) Ff{x) [A *f2]*f> (x) , where 

(8) < ^ * / > (x) := JHg{y-^x)f{x)u{dx) 

for each g G Ll{H,TZ,u, Lin{h)) and each / G X and every x E H. If b 
satisfies Condition 39(1 — 7), then X also satisfies 39(1 — 7). If b is the 
Banach algebra, then X also is the Banach algebra. 

41. Theorem. Let Ff{x) =< [/i * /2] * / > (x), where /,/i,/2 G 
L^(if, z/, b) = X and H is the topological group, TZ{H) C Bco(iJ) as in 
Example 40. Then F is the compact operator F G Lc(X) and the mapping 
X^ 3 {/i,/2} I— >■< [/i * /2]* >G Lc(X) continuous. 
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Proof. It was demonstrated in Example 40, that the convolution conv[fi, f^] 
is continuous from into L\{H, u, Lc(b)), where u is the K- valued measure. 
The space LKH^u, Lc{h)) is the completion of the family of all step func- 
tions g{x) = J2kChAf.{x)ak relative to the family of semi-norms ||(y'||i,fe,i, = 
[^^PxeH,yeHi^[9iy'^x)]N^{x)] < oo , where ||F||^,b := sup^(^t)^Q^t^hV{Yt)/v{t) 
is the semi-norm in Lin{h) denoted also by v{Y). G TZ{H), G Lc{h). 
Therefore, it is sufficient to demonstrate that F G Lc{Xs) and the mapping 

3 h} ^ [fi * /2] e Lc{Xs) is continuous, where Xg := Ll{H, ly, K). 

Theorem 7.12 [37] states, that / G L(H,7l,u,K.) if and only if it has 
two properties: (i) f is T^j^-continuous, {ii) for every e > the set {x : 
|/(a;)|A''j,(a;) > e} is T^j^-compact, hence contained in {x : Ny{x) > 6} for 
some 6 > 0. For vector valued functions see Theorem 56 below, which is 
proved independently from §§40, 41. Thus if /i,/2 G Xg, then /i * /2 is 
T^jy-contimious and for each e > and every semi-norm w in b there exists 
S > such that {x : f (/i * f2{x))N^^^{x) > e} C {x : N^^y{x) > 6}, where 
{x : v{fi * f2{x))Ni,^y{x) > e} and {x : N^^y{x) > S} are 7?.,y-compact hence 
7^-compact sets. 

If / G L{H, TZ, V, b), then for each e > and each semi- norm v in b and 
every x & H there exists an open symmetric neighborhood Ux of the unit 
clement e in the topological group H such that v{f {y^^x) — f {x)) < t for each 
y eUI- From the covering {xUx '■ x G H^Nu^^^x) > 5} of {x : Ny^^^x) > 5} 
extract a finite covering {xjUxj j — l,...,q} and take U = r\'j=iUxj, since 
TZ C Bco(if). Then U is open symmetric = U and e E U. 

If y E U and Nu^^i^x) > S, then there exists j such that x G XjUxp hence 
v{f{y~^x)-f{x)) < max{v{f{y~^x)-f{y-^xj)), v{f{y"^xj)-f{xj)), v{f{xj)- 
f{x))) < e, since {y~^x){y^^Xj)^^ G f/^ C U!^ . Consequently, v{f\y^^z) — 
f{z)) < max{v{f{y-^z) - f{y-H)),v{f{y-H) - f{t))) < e for each z G 
[U{x e H : N^,v{x) > S}], where t e {x e H : N^,v{x) > S} is such 
that zt~''- G U, since {y''^z){y~H)~'^ e U^. At the same time {x e H : 
Ny,y{x) >5}C [U{x G H : N^,,{x) > S}] and v{f{z))N^^y{z) < e for each 
z E H\{x e H : iV^,^(x) > 6}. U z E H \ [U{x E H : Ar^,^(x) > 5}], 
then Uz n {x E H : N^^J{x) > 5} = 0. Thus for each / G L{H,n,u,b) 
and every e > and each semi-norm i> in b there exists an open symmetric 
neighborhood U of e in such that v{f{y~^x) — f{x)) < e for each x E H 
and y E U. 

Suppose that /, /i,/2 G Xg, then for each e > there exists an open 
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symmetric neighborhood U of e in iJ such that 

(m) v{< [/i*/2]*/ > {y-^x)- < [fi*f2]*f > {x))N^^^{x) < esup^^^ v{f{x))N^,v{x) 
for each x E H and every y E U. Take the sets {x : v{[fi * f2]{x))Ni,^y{x) > 
e} G {x : N^^^{x) > 5} =: A for [fi * as above. Decompose F = Fi + F2, 
where FJ :=< [/i * /s] * (C/i^/) > and F2/ :=< [/i * /s] * ((1 - C/ia)/ >■ 
Then II-F2IID ^ 

In view of IncquaUty (in) for each e > there exists a finite covering 
family of subsets ^i, Am G 7?. in ^4, [jJLi Aj ~ A, such that for each f E Xg 
there exists a simple function g{x) = Yj^=ibkChAf,{.x) for which — 
g)\\v < e. But the family of such simple functions g is finite-dimensional over 
K, consequently, F is the compact operator. 

In view of 40(2, 5) the mapping 3 {/i, i-^< [/i * /2]* >e Lc{X) is 
continuous. 

42. Lemma. Let /or a natural number k there exists M^'', where ^ is 
a random vector with values in a locally K.-convex algebra g, then for each 
1 < I < k there exists M^^ . 

Proof. If ^ is a random vector with values in g, then ^ by the defini- 
tion it is (.4, 7?.(g))-measurable and for each semi-norm m in g there exists 
suY)^^^[u{^)^Np{ijj)Yf'^ = \\i\\k,u < 00, where 7?.(g) is a separating cover- 
ing ring of g such that 'R{g) C Bco(g). Therefore, sup^gj^[-u(.^)'A''p(t<;)]^/' < 
svqi^^Q[u{^Y Np{ijj)Y/^ for each 1 < I < k, since Np{uj) < 1 for each u e fl. 

43. Remark. Denote by g) the completion of L^{^, g) by the family 
of semi-norms 

(1) ||/||2,P,„ := [snp^^a,.^^u\f{xnu;,x))Np{u;)]y' 
induced from L^{Q, A, P, X), where L^{^, g) is the space of all step functions 
ELi ak^{Ak), flfc G g, Ak G n{G), Aj n = for each k N. 

44. Definition. Suppose that Z is a locally K-convex space and /i : 
7?. ^ Z is a measure, where TZ — TZ{G) is a separating covering ring of a set 
G. For each semi-norm u in Z and any A G 7^(0) define 

(1) := sup{M(/i(5)) : B en,B C A}. 

45. Lemma. If fi : TZ ^ Z is a measure, then for each semi-norm u in 
Z there exists a unique function N^^u : G — >■ [0, 00) such that 

(1) ||C'/iA||Af^,u = for each A eTZ (see Definition 44)! 

(2) if(f):G^ [0, 00) and ||C/ia|U < for all AeTZ, then (f) < N^y, 

moreover, 

(3) N^,^{x) = inf^ \\A\\^,u for each x eG. 
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Proof. If N^^u{x) is defined by the formula (3), then (2) is evident, since 
||C/i^||(^ < II^IIm.w fo'^ ^ ^ Take A E 71 and consider the family 
£: := {S e 7^ : S C A 11^ \ B\\^,u < ||C/iA||iv„„ + e}. 

On the other hand, from 44(1) it follows that ||74iU742||^,„ < max(|| ||A2||^,u} 
for each Ai, A2 G TZ, since fi is additive and for each B C Ai U A2 we 
have 5 = 5i U ^2, while u{iJ,{Ai U A2)) < max{?7,(/i(Ai \ A2)), m(/u(A2 \ 
n A2))}, where £1 := n 5 and B2 := A2 n 5. Therefore, S 
is the shrinking family. 

Then for each x E A there exists B E TZ such that ,r G i? and < 
N^,u{x) + e < ||C'/''B||Afp,„ + e, consequently, A \ 5 G Then HAei: ^ = 
0, consequently, there exists B E 8 such that < e and inevitably 

< max{||5||^,„, \\A \ + e}. 

46. Definitions. Let be a X-valued measure as in §§37, 39. For 
f : G ^ g consider the family of semi-norms 

||/||,,^,„:=[sup,,Gw'^(/)iV^,.(x)]V'/ 

whenever it exists, where 1 < g < 00 and -u is a semi-norm in X. Define the 
space L'^{G,7l, ii,X;g) as the completion of the family of all step (simple) 
functions / relative to the family of semi- norms {|| * \\q,n,u u E S}. If 
/ G L^{G,TZ,ijL,X;g), then it is called //-integrable. 

In the particular case of g = K we can omit it from the notation. When 
G, 71, ji, X and g are specified it also can be written shortly L'^{iJ>), for g = 1 
it can be omitted writing L{n). 

A function / is called /x-integrable, if / G I/(/x). Put 7^^ := {^4 C 
G : ChA E L{fj,)} for the X-valued measure // and extend it by jji{A) :— 
jQChA_{x)/d{dx), since 1 G g. 

47. Lemma. // /i and 7Z^ are as in %46, then A E 7^^ if and only if 
for each e > and each semi-norm u in X there exists B E 7Z such that 
Nn,u{x) < e for every x E A A B. 

Proof. If for each e > and a semi-norm u in X there exists B E TZ 
such that WCHa — CHeWn^^.u < ^) then taking a sequence e„ = we get, 
that CHa E L{fi), hence A E 7Z^. 

On the other hand, if A G TZ^, then for each 1 > e > there exists 
a simple function / G L{fi) such that \\ChA — f\\N^,u < ^- Consider B :— 
{x : u{f{x) - 1) < 1} which is in 7^, S G TZ. Then u{f{x) - ChB{x)) < 
m\n[u{f{x)),u{f{x) — 1)] < u{f{x) — ChA{x)) for each x E G and inevitably 

WChA-ChsllN,,^ < m^4\\f-ChA\\N,,^, Wf-ChsllNj = \\f-ChA\\N,,^ < 6. 

48. Lemma. If n : 7Z ^ X satisfies Conditions 37{i,ii), then 37{iii) is 
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equivalent to: 

{iii') if A G 71 is a shrinking family andf]j^^j^A = 0, thenliiaiAeA \\A\\^l,u ~ 
for each semi-norm u & S in X. 

Proof. Since ||^|||U,u > u{ii{A)) for each A & TZ, then [Hi') imphes 
37(iM). 

Prove now the converse statement supposing that /i satisfies 37(i — iii). 
Suppose that .4. is a shrinking family with C\a^a A = ^. For each e > and 
every u E S there exist E e A such that u{iJ,{A)) < e for each A e A such 
that A C E. Take a semi-norm u E S in X. For every A E A choose € 7^ 
such that Va C A and u{/j{Va)) > min(e, ||A||^.u/2). U A e A, then the 
family C := {Va^iB : B E A, B G A} is shrinking and Cluec U = hence for 
each Ae A there exists Wa e A such that Wa C A and u{jj,{VA n Wa)) < e. 

Take the family V :^ {VaI^Wa : A e A, A C E}. liA^B e A, then there 
exists C &A with C C Wa n Wb- Then l^c U l^c C C C W^a C U M^a, 
also VcjUWc C VbUWb, consequently, the family V is shrinking. Moreover, 
fl^g^ C = 0. Thus there exists A G ^ with A C E and ^(//(Va U Wa)) < e, 
also m(/x(Va U Wa)) < e and u{ii{Va H Wa)) < e due to the definition of 
l^A, as well as u{fi(WA)) < e, since Wa e A and Wa (Z A c E. Hence 
u{pi{VA)) = uii^iVAUWA)+fiiVAnWA)-pi{WA)) < e. Therefore, < 2e, 

since u{fi{VA)) > min(e, ||A||^,„/2). 

49. Theorem. Let fi be a X-valued measure on TZ. Then 7?.^ is a 
covering ring of G and fi is a X-valued measure extending /i. 

Proof. In view of Lemma 47 TZ^ is a covering ring of G and p, is additive. 
If A e TZn, then for each B C A such that B e TZ and each semi-norm u in 
X the inequalities are satisfied: 

u{fi{B)) < \\ChB\\N^,u < l|C'^A||Afp,„ < oo, hence p, has property 37{ii). 

Consider now any shrinking family A C TZ^ having empty intersection. 
For e > and a semi-norm u in X take £ :— {B e TZ : 3A e A such that 
A n Ge,u = -B n where G^^u -.^ {x e G : Ni_,^^{x) > e}. Then £ 

is shrinking. If x ^ G^^u, then there exists V ^ TZ such that x & V and 
e > ||V^||^,„, hence B \ V E S foi each B E S, consequently, V fl (n_Be£: B) = 
and inevitably plsef-^ ^ Gg^^. Then by the construction of £ we get: 

HBes B = CiBss B n Ge,u = Hasa a n = 0. 

In view of Lemma 48 there exists B e £ such that ||-B||^^„ < e, hence 
B n G^^u = 0- Then there exists A E A such that A fl = 5 fl G',,^ = 0, 
consequently, ||A||^,n < Again by Lemma 48 limAeApi^) — 0. Thus /Z is 
the X-valued measure. 
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50. Lemma. If is a X -valued measure on IZ, then N^^u = N^^u for 
each semi-norm u in X . Therefore, \\ * ||7v^„ = II * l|Af^,„7 ^{l^) = -^(z^)? 
/g fdU = /g fdlJ', = 7^^. 

Proof. Take a semi-norm m in X and a point x ^ G and a number b > 
N^^u{x)- Then there exists A E TZ G TZ^ such that x G A and ||A||Ar^„ < b. 
Then for every B E TZ such that B <Z A there are inequahties u{j2{B)) < 
\\B\\n,,^ < \\A\\n,,^ < b, hence 

(1) ||^lk^,„ < b, consequently, N^^uix) > inf{||/l||^,„ ■.AeTZ^.^xE A}. 
Take now < d < X,j,u(x) and A G 7^^ with x E A. In view of Lemma 

47 there exists B eTZ such that Np_^u{y) < for each y G A A fi. Therefore, 
||-B||Ar-„ > Njiu > d, so u{fi{E)) > d for some E eTZ such that E G B. As 
«(/.(i)-/x(En/l)) = < \\E\Ay^^^ < p\i?||iv,,„ < < u{fi{E)). 

Thus u{ii{E n ^)) = u{iJ,{E)), consequently, 

(2) ||^||^i,« > u{lx{E n A)) = u{ix{E)) > d. Finally, from these two 
Inequalities (1, 2) the equality Nfi^u{x) = ^^^^(a;) for each x G G follows. 

51. Theorem. (1). If fi is a measure on TZ, then N^^u is upper semi- 
continuous for each semi-norm u G S in X, hence it is TZ^-upper semi- 
continuous and for every A G TZn and e > the set {x G A : N^^u{x) > e} is 
IZ^- compact, hence it is TZ- compact. 

(2). Conversely, let ^ : TZ X satisfies 37{i) and let for every u G 
S there exist an TZ- semi- continuous function 0„ : G — > [0, oo) such that 
u{ii{A)) < supj.^^ 0„(a;) for each A G TZ and let the set {x G A : (j)u{x) > e} 
is TZ-compact for each e > 0. Then ii is a X-valued measure and N^^u{x) < 
<Pu{x) for each x G G and each u G S. 

Proof. (1). Put := {x G G : N^,^{x) > e}, where e > 0. Then 
for each x G G \ Ge,u there exists A G TZ such that x G A and ||A||^,m < e, 
hence A G G \ Ge,u and inevitably Ge,u is 7^-closed and N^^u is 7^-upper 
semi-continuous. Take now A G TZ/j, and a covering V of ^ fl G^^u by elements 
of 7^^. Then the sets A \ (Fi U ... U K U F), where n G N, Vi, K G V, 

V G TZfj_ and V G G \ G^^u, form a shrinking subfamily A in TZ^ with the 
empty intersection Hsey^-^ = 0- accordance with Property 48{iii') of an 
X- valued measure there exist Vi,...,Vn G V and V G G \ G^^u such that 
\\A\{ViU ...[JV„\JV)\\fi,u < e, hence A\{ViLi ...LiVnUV) G G\Ge,u- Since 

V gG\ then A n G^^u C U ... U K- Thus A n is 7^^-compact. 

(2). Each function (p^ is 7^-upper semi-continuous and 0„ is bounded 
from above on each 7?.-compact set, also ||A||^,« < ||C'/iA||0„ for each A gTZ. 
Thus for each u G S and every A G TZ there is the inequality ||^||/i,« < oo. 
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consequently, 37(m) is satisfied. 

Take e > and a shrinking subfamily ^ in 7^ such that CIega = 0- Then 
the sets {x e A : (f)u{x) > e} form a family E of 7?.-compact sets closed under 
finite intersections and Clses -6 = 0. Therefore, there exists E ^ A such that 
{x e E : (j)u{x) > e} = 0. Hence E C {x e G : (j)u{x) < e} and inevitably 

52. Corollary. If n is aX-valued measure onlZ then for every e > and 
each semi-norm u & S the set {x & G : N^^uix) > e} is TZ-locally compact. 

53. Theorem. Let n he a measure on TZ and let also U be a separating 
covering ring of G being a sub-ring of 7?.^ and let u be a restriction of fj, on 
lA. Then lAy = TZ^ and v = pL. 

Proof. Let m G 5 be a semi-norm in X. At first we prove that N^^u[x) > 
N,y^u{x) for each x E G. Suppose the contrary, that there exists y E G such 
that Nfj_^u{y) < N„^u{y). This implies that there exists V e TZ such that 

\\V\\^,u< K^niy)- 

In accordance with Lemma 50 ||V^||^,u = ||V^||/i,u. Then for every x G G\V 
there exists B E U such that y E B and x ^ B, since U is the separating 
covering ring. Therefore, {B\V : B e U,y E B} is a, shrinking sub-collection 
of TZ/^ whose intersection is empty. In view of 48(iii') there exists B ElA such 
that y e B and \\B \ V"||^,„ < N^^uiy)- Since \\V\\fi,^u < N^^uiy)- But z/ is the 
restriction of /i on W and B eU, then < < Ni,^u{y) giving the 

contradiction, since y E B. 

Demonstrate now, that TZfj, C U^- Let A E TZfx and e > 0. In view 
of Lemma 47 it is sufficient for each m G <S to construct B E U such that 
Nu,u{.x) < e for every x E A /\ B. Take W := {x E A : N^^^i.^) > e}. 
In view of Theorem 51 the set W is 7^^-compact, consequently, W-compact. 
Mention that for each x E G \ W there exists B E U such that W <Z B 
with X ^ B. Then the shrinking sub-family {B \ A : B E U,B D W} of 
TZ^ has the empty intersection and there exists B eU such that S D for 
which \\B \ A\\p^^u < e- Thus A^^^^^ = A^^^^^ < e on B \ A. On the other hand, 
N^,u{x) < e on A\W hence on A A i? as well. 

Next we show that /i can be obtained as the restriction of u. For A. B. e, 
u as in the preceding paragraph we have u{h'{A) — fi{A)) = u{u{A) — u{B) + 
li{B) - i?{A)) = u{u{A \{An B)) - v{B \ (A n B)) + Jji{{B \{Af\ B)) - Ji{B \ 
{AnB))) < max(PAS||p,„, ||AAS||^,„) = ||AAS||^,„ = sup^^^^^ A^^,„(x). 
Therefore, v = fi on TZ^. 

Thus 7Z <Z and ii is the restriction of v on 7Z. Symmetrically inter- 
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changing jj and u in the proof above one obtains U^, = 7Z^ and ft = u. 

54. Lemma. Let fj. be a X-valued measure on TZ, for a semi-norm u in 
X and for e > put G^^^ '■— {x & G : N^^uix) > e}- Then the restriction 
of the 71 and IZ ^-topologies to G^^u coincide. A function f : G g is TZ^- 
continuous if and only if for each u & S and e > the restriction /Ig^.^ 
TZ- continuous. 

Proof. In view of Lemma 47 the 7^-topology and 7^p,-topology induce 
the same topology on Ge,u- Therefore, if / : G — > g is 7?.^-continuous, then 
it is 7?.-continuous on Ge,u- 

Suppose that f : G ^ g has 7^-continuous restrictions flc^u for each 
u E S and every e > 0. Take any V clopen in g. If A G TZf^, then A fl G^^u is 
7^-compact due to Theorem 51, as well as f~^{V) HAD G^^u is 7^-clopen as 
a subset of For each x e f~^{V) f] Ad G^^u take E TZ with x e 
such that [4 n C f^^{V) fl A fl G^^u- From this covering of the compact 
set choose a finite sub-covering such that f~^{V) fl A fl G^^u C U, where 
U := U5=if/a;,, hence U e TZ. Therefore, f-\V) f] A f] G^u = U f] G,,u- 
In view of Lemma 47 f'^iV) D A e TZ^ for each A e TZ. Thus is 
7?.^-clopen and inevitably / is T^-^u-continuous. 

55. CoroUciry. If f : G ^ g is TZ^- continuous on each TZ^-compact 
set, then f is TZ^- continuous on G. If u E S and E G G is TZ^-compact, 
then H := {x E E : A^^_u(x) = 0} is finite and there exists S > such that 
N^^u >5 onE\H. 

Proof. In view of Lemma 54 each 7?.-compact set is 7?.^-compact 
and / is continuous on every 7?.- compact subset of On the other hand, 
Gf:^u is 7^- locally compact by Corollary 52. Therefore, / is 7?.-continuous on 
G^^u and 7^^-continuous on G. 

We have that each subset A oi {x E G : N^^u^x) = 0} is T^j^-clopen, since 
GHa e -^'(a*)- Take E a 7?.^-compact subset in G. Hence H is finite. Let 
TT e K with < |7r| < 1. If inf{A^^,„(x) : x e E \ H} = 0, then there 
exists a sequence {x^ E E : k E N} in E such that N^^ui^k) < Kl'^' and 
N^^u[xk) < N^^u{xk-i) for each k. Choose A^. G TZ such that G A^ and 
N^i,u{x) < \tt\^ for each x E A^ and A^ (1 Ai = for each k ^ I. Without 
loss of generality we can consider the family of non-archimedean semi-norms 
<S in X such that if g G 5, then t := max(w(x), q{x)) G 5 is also a semi- 
norm in X (see also [33]). Therefore, = max(||A||^„, for each 
^4 G 7^, as well as N^^t{x) = max{N^^u{x), N^^^g^x)) for each x E G. Hence 
Ge,q n Ge,u ^ Ge,t for cach e > and t = ma.x{u,q), u,q,t E S. If f\u is 
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continuous on a set U and W is a subset of U, W G U, then evidently f\w 
is continuous. 

In view of Lemma 54 and Theorem 51 the function 

9{x) ■■= Ek^'''ChA^n{x€G:N^Mx)>0}i^)Vk 

is 7^^-continuous, where G X, u{vk) = 1 for each A;, since the restriction 
of g on each ^ is continuous for each q E S and 7 > 0. But g appears 
to be not bounded on the 7^^-compact set E. This gives the contradiction, 
consequently, mf{N^^u{x) : x E E \ H} > 0. 

56. Theorem. Let /j, be a X -valued measure on TZ. A function / : G — > g 
is n-integrable if and only if it satisfies (1) and (2); 

(1) / is TZ^- continuous; 

(2) for each u E S and e > the set {x : x E G,u{f{x))N^^u{x) > e} is 
TZn-compact, consequently, contained in some {x : N^^ui^) > S} with 5 > 0. 

Proof. If M is a semi-norm in X and e > 0, then the set Gg^^ := {x E 
G '■ N^^u{x) > e} is 7^-compact by Theorem 51. Without loss of generality 
we consider complete X and g. For each / E L{G, TZ, fi, X; g) and each semi- 
norm M in X there exists a sequence of simple functions {fk : k E N} such 
that limfe^oo ||/ — /fe|U,u = 0. Then each is 7?.-continuous and the sequence 
{fk '■ k} converges uniformly on Ge,u to /, hence / is 7?.-continuous on Ge,u- 
In view of Corollary 55 the function / is 7^^-continuous. 

Take a step function g such that ||/ — < e, consequently, {x : 

u{f{x))Ni_i^u{x) > e} = {x : u{g{x))N^^u{x) > e} and this set is compact by 
Theorem 51. Thus from / E L{G,n, il, X;g) Properties (1,2) follow. 

Let now Properties (1,2) be satisfied for / : G — > X. For 5 > and 
a semi-norm -u in X take a 7^^-step function g such that ||/ — g\\^^u < ^• 
Consider the set V := {x E G : ■u(/(a;))X^^„(,T) > S}. The function X^,n is 
^/i-upper semi- continuous by Theorem 51 and sup^.^^ Nj^^^u^x) =: w < 00. 
Since V is compact, then there exists a finite clopen covering Bi,...,Bk of 
V such that u{f{x) — f{y))w < 5 for each x,y E BjHV with the same 
J, j = l,...,k. Choose now bj E Bj, hence the set {x E G : u{f{x) — 
f{bj))N^^u{x) < 5} is T^^^u-opcn and contains Bj. Therefore, there exist 
disjoint sets Wi, Wk such that Wj <Z {x E G : u{f{x)-f{bj))Nij,^u{x) < 6} 
and Bj :— Wj D V, since G isTZ totally disconnected with the clopen base of 
its topology. Take the step function g{x) := Yl^=i f{bj)Ghwj{x). For x E Wj 
we have u{f{x) — g{x))Nfj^^u{x) = u{f{x) — f{bj))N^u{x) < S. At the same 
time for x ^ U?=i we have u{f{x) - g{x))N^^^{x) = u{f ))N^^^{x) < S, 
consequently, \\ f - g\\^,,u<S. 
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57. Corollary. Let fi be a X -valued measure onTZ, g E L{G, TZ, fi, X; g), 
f : G ^ g he IZ^- continuous andu{f{x)) < u{g{x)) for each semi-norm u G g 
and for every x & G, then f e L{G, TZ, /i, X; g) . 

58. Corollary. The space L(G, TZ, ji, X; g) is complete and locally K- 
convex. If X and g are normed spaces, then L{G,TZ, ii,X;g) is the Banach 
space. 

Proof. By the construction above L{G, TZ, n, X; g) is tiie completion 
of the space of step functions relative to the family of semi-norms || * 
where w is a semi-norm in X, g. Therefore, L(G,TZ, ii,X;g) is isomorphic 
with L{G, TZ, fi, X; g) and complete, where X is the completion of X and g is 
the completion of g as the K-convex spaces. Particularly, when X and g are 
normed spaces, then X and g and L{G, TZ, n, X; g) are the Banach spaces. 

59. Definition. If X is a normed space over K and Xi, ^2, ... is a sequence 
in X such that \\aiXi -\- ... -\- a„x„|| > i max{||aja;j|| : j ~ 1, ...,n} for each 

E K and n G N not exceeding the length of the sequence, where 
< t < 1 is a marked number, then {xi,X2, ...} are called t-orthogonal. If 
t = 1, then {xi,X2, ...} are called orthogonal. 

Naturally in the case t — 1 the inequahty, >, reduces to the equality, =, 
due to the non-archimedean property of the norm. 

60. Theorem. Let fi be a X -valued measure on {G, TZ) and let a Banach 
algebra g has a to-orthogonal basis, where < to < 1. Then L{G, TZ, fi, X; g) 
has a t-orthogonal basis with < t < to- If the valuation group of the field 
K is discrete in (O,cxo), then L{G,TZ, ii,X;g) has an orthogonal basis. 

Proof. If the valuation group of K is discrete, then the Banach space over 
K has an orthogonal basis by Theorem 5.16 [37], particularly, for L{G, TZ, /i, X; g) 
due to Corollary 58. 

In general, suppose that the valuation group of K is dense in (0, oo) and 
N^{x) > for each x E G. Take a marked < t < to such that g has 
the ^o-orthogonal basis. Then choose tt G K such that ti < \tt\ < 1, where 
ti = t/to, and define the function h : G ~* K. such that h{x) = vr"", when 
|^|n+i ^ N^{x) < |7r|'" and n E Z, consequently, |7r||/i(a;)| < N^{x) < \h{x)\ 
for each x E G. Denote by Gd the set G in the discrete topology and 
define the mapping q : L(G, TZ, n, X; g) 3 f ^ hf E BG{Gd,g), where 
BC{Y, W) denotes the space of all bounded continuous mappings from a 
topological space Y into a K-linear normed space W. The space BG{Gd,g) 
is supplied with the norm Halloo ■= sup^-gg^ where || * || is the norm 

in g. Therefore, 
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(1) |7r|||g/|U<||/IU<||g/|U 
for each / e L{G, 7^, /x, X; g). If A G 7^ and beg, then hbChA e BC{Gd, g), 
since \\h{x)bChA{x) : x e G} G W : n e Z; |7r|"+i < ||6|||C/iA(a:)|}. 

By K hnearity and Property (1) of the mapping q the range q{L{G, 71, /i, X; g)) 
is the closed K-hnear subspace in BC(Gd,g)- In the space BC{Gd,g) the 
product BC{Gd-/K) x g is everywhere dense, while L{G,TZ.ji,X\'K) x g is 
everywhere dense in L{G,1Z, [x, X;g). In view of Corollaries 5.23 and 5.25 
[37] BC{Gd, K) has an orthogonal basis, hence BC{Gd, g) has a io-orthogonal 
basis. 

In accordance with the Gruson Theorem 5.9 [37] if ii^ is a Banach space 
with an orthogonal basis, then each its closed K-linear subspace has an or- 
thogonal basis. The space q{L{G, IZ, /x, X; K)) is closed in BC{Gd, K), hence 
it has an orthogonal basis {e^ : j}. Thus L{G, TZ, ji, X; g) has the i-orthogonal 
basis q~^{ej x Sk), where {sk : k} is the to-orthogonal basis in g. 

61. Theorems. Let X and g be as in ^39 and in addition let X be an 
algebra over K with a family of multiplicative semi-norms. Suppose that fi 
and v are X-valued measures on separating covering rings 71 of a set G and 
T of a set H. Then 

(1) the finite unions of the sets Ax B, A e TZ, B e T form the separating 
covering ring TZ^T of G x H; 

(2) there exists a unique measure fixu on7ZxT such that fi x v[A xB) = 
lx{A)u{B) for each Ae7Z and B eT, N^xu,u{x, y) = N^^u{x)N^^u{y) for each 
X & G, y e H and every semi-norm u & S in X; 

(3) if f e L{G X H,7ZxT,nx v,X;g), then H 3 y ^ Jq f{x,y)iJ,{dx) 
is a v-almost everywhere defined v-integrable function on H and G 3 x ^ 
Jfj f{x,y)i'{dy) is a ^-almost everywhere defined /i-integrable function on G 
and 

IcxEfi^^y)!^ X i^{dx,dy) = JhUg fi^^y)l^idx))iy{dy). Moreover, if X is 
commutative, then J„{J(. f{x,y)ii{dx))u{dy) = Jq{Jjj f{x,y)u{dx))ii{dy); 

(4) in particular, if g and X are commutative, f G L{G,7Z, fi,X;g) and 
h G L{H, T, V, X; g), then f{x)h{y) G L{G x H,7Z x T, fi x u,X;g) and 

Igxh f{x)9{y)Kdx)iy{dy) = {Jg f{x)l^{dx)){JH g{y)iy{dy)); 

(5) L{G X H,7Z X T , n X i',X;g) is K.-linearly topologically isomorphic 
with the tensor product L{G, 7Z, /i, X; g)<^L{H, T,i',X;g). 

Proof. (1). If U and V are coverings of G and H by elements from 7Z and 
T respectively, then UAew,Bev Ax B = Gx H . li {xi,yi) ^ {x2,y2) ^ G x H, 
then either xi ^ X2 or yi^ y2- In the first case take A e7Z such that xi e A 
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and X2 G G \ A and xi E B with B E T, then A x B separates them: 
{xi,yi) e Ax B and (0:2,2/2) ^ Ax B. 

(2) . Put // X := jQ^jjChc{x,y)ix{dx)v{dy) for each E e TZ xT, 
hence x i/ is additive. For Nu{x,y) := N^u{x)N^^u{y) a-nd each A E TZ, 
B eT we get x u)){A x B)) < \\ChAxB\\N^, consequently, ||C||^xi.,« < 
\\Chc\U. 

Naturally G and H and G x H are supplied with the TZ and T and TZxT 
topologies. Then {{x,y) e A x B : Nu{x,y) > e} <Z {x e A : Nf,^u{x) > 
e} X {y e B : N^,u{y) > e} for each A e TZ emd B e T and e > 0. The 
function Nu is upper semi-continuous and {x & A : Nf^^u{x) > e} x {y E 
B : Nu^uiy) > e} is compact, consequently, {{x,y) E A x B : Nu{x,y) > e} 
is compact and inevitably {{x,y) G G : Nu{x,y) > e} is compact for each 
C eTZxT and every e > 0. Therefore, by Theorem 51 /ixu is the measure 
and N^y^i^^u{x,y) < Nu{x,y) for each u E S and each x G G and every 
y E H. Each u is the multiplicative semi-norm in X and u{{fi xu){Ax B)) = 
u{ii{A))u{v{B)) and hence sup{m((;U x v){G)) : G E TZ x T,G C A x B} = 
\\A X B\\^xu,u > for each A E TZ and every B E T. Therefore, 

Nf,xu,u{x,y) > Nu{x,y) for each u, x and y. 

(3) . If / is a step function, then (3) is satisfied due to (2). If / G 
L{G, TZ, ^, X; g), then for each u there exists a sequence of step functions 
/i,/2,... converging to / such that ||/ — /n||Ar„ < 1/n for each n G N. 
Since u{f{x,y) - fn{x,y))N^^uix)N^^uiy) < each x,y. Thus f{*,y) E 
L{G, TZ, ii,X; g) for i/-almost every y E H, consequently, u{Jq f{x, y)ix{dx) — 

Ig fn{x, y)ii{dx))N^^u{y) < i/n. Therefore, the function H 3 y ^ Jq f{x, y)iJ,{dx) 
is defined for //-almost aA\ y E H and is z/-integrable. Since 

!hUg fn{.x,y)ii{dx))u{dy) = Jg-kh fn{.x,y)ii x v{dx,dy) for each n, then 

uUhUg Mx, y)i^{dx))iy{dy) - Jq^h Mx, y)ii x iy{dx, dy)) < 1/n for each 
n G N and each u E S, consequently, 

IhUg f(^^y)Kdx))iy{dy) = lGxHf(x,y)i^ x v{dx,dy). 

Part (4) follows from (2, 3) as the particular case. 

(5). There is a bilinear continuous mapping m : L{G, TZ, fj,, X; g) x 
L{H,T,iy,X;g) 3 {f,h) ^ fh E L{G x H,TZ x T , 11 x p,X;g). If X is 
a Banach space, then the norm of m is ||m|| = 1. 

Let y be a complete locally K-convex space over K and let F : L{G, TZ, ji, X; g) x 
L{H,T,i',X;g) — s> y be a continuous K-bilinear mapping. Then there ex- 
ists the mapping Ff„{GhAxB) = F^iGhA ® GHb) = F{GhA,GhB) E Y for 
each A E TZ and B E T. A step function / : G x if — > g write in the form 
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f{x,y) = J2jbjChAjxBj{x,y), where bj e g and Aj e TZ, Bj e T for each j, 
{Aj X Bj)n {Ai X Bi) = for each j. 

For each semi-norm ^; in y and each semi-norm it in X there exists k such 
that 

= maxjv{F^{bjChA^xB,)ix,y))Nf,^i,,^{x,y), hence 

v{F^f{x,y))Nf,y,^^u{x,y) < sup^^a,yeH'v{F<r^{bkChA^xBk){x,y))Ni,^^^^{x,y) < 
'^{bj)\\F\\u,v\\ChAj\n,u\\ChB,,\\ 

where := sup^ex,«(i«)>o ^^(^^«)/«(«^)- 

Therefore, the mapping Fm has the continuous extension Fm from L{G x 
H,n X T,i2X iy,X;g) into Y. Thus F^{f (g) h) = F{f,h) for each / e 
L(G,7^,/i,X;g) and h e L{H,T,u,X;g) and inevitably L{G x H,n x 
T, // X i/, X; g) is K-hnearly topologically isomorphic with the tensor product 
L{G,n,i,,X;g)^L{H,T,iy,X;g). 

62. Theorem. Let gj and Xj be a family of algebras and locally convex 
spaces over K satisfying Conditions of ^39, j G (3, where j3 is a set. Sup- 
pose that for each j there is a measure nj : 71 ^ Xj, X = ^j^pXj and 
g — 0jg/3gj are supplied with the product topologies. Then there exists a 
measure /i — ^j^p/J^j on TZ with values in X such that L{G,TZ, ii,X;g) is 
the completion of the direct sum 0jea L{G, TZ, fij, Xj\ gj). 

Proof. Since each Xj and every gj are complete, then X and g are 
complete (see [10, 33]). Naturally X is the locally K-convex space and g 
is the algebra such that x -\- y — {xj -\- yj : j) and ah = {ajbj : j), where 
x,y&X,a,b&g, X — {xj : j), a = {uj : j), ax — {ajXj : j) (see Theorem 
5.6.1 [33]). Thus X is the unital left g- module. For each j E (3 there are 
defined the projectors 'n:j{x) = Xj and /Tj(a) = aj on X and g. Therefore, 
topologies of X and g arc characterized by the families of semi-norms u such 
that u{x) = ma.x{uj{xj) : j E a} and u{b) = ma.x{uj{bj) : j G a}, where a is 
a finite subset in /3, Uj G Sj, where Sj is a consistent family of semi- norms 
Uj in Xj and gj denoted by the same symbol for shortening the notation. 

If G 7^ and A n 5 = 0, then ^(A U B) = {i2^{A U B) : j) = 

{fij{A) + iij{B) : j) = {iij{A) : j) + (/x,(5) : j) = ii{A) + /x(5), hence is 
additive. If is a semi-norm in X and A e TZ, then for each C C A, C E TZ 
there is the inequality u{^{C)) — maiK.{uj{^j{C)) : j G a} < oo, since a 
is a finite set and each iij is bounded. If ^ is a shrinking family in IZ and 
riAGy^^ = 0, then lim^g^-Uj(/ij(A)) = for each j and each Uj G Sj, hence 
\im.AeAu{ii{A)) = for each semi-norm u E S in X. Thus /i is the measure 
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on TZ with values in X. 

If / G L{G,7l, n,X;g), then for each u E S there exists a sequence 
{fn : n e N} of simple functions such that ||/ — /n||^,« < i/n. We have that 
0j gj is everywhere dense in g, where elements of the direct sum as usually 
are b = {bj : j G f3,bj G g-,} such that the set {j : bj ^ 0} is finite (see 
Example 5.10.6 in [33]). Thus each simple function can be chosen taking 
values in ©j^^ gj. Therefore, L{G, TZ, fj., X; g) is the completion of the direct 
sum ©jg^ L{G, n, Hj,Xj; gj). 

Certainly if (3 is finite, then the direct sum and the direct product coincide. 

63. Corollary. // suppositions of Theorem 62 are satisfied and f G 
L{G,TZ,ii,X;g), then J(jf{x)n{dx) = {Jg fj{x)l^j{dxj) : j G (3), where fj G 
L(G, TZ, n, Xj] gj) for each j. 

Proof. The formula of this Corollary is satisfied for each / in 
©jg^ L{G, TZ, fijyXj] gj), but the latter space is everywhere dense in L{G, TZ, /i, X; g) 
by Theorem 61. The mapping Jq : L{G,TZ, fi, X; g) ^ X is continuous: 
u{Jq f{x)fi{dx)) < ll/ll^.ii due to Lemma 45, consequently, the statement of 
this Corollary follows by the continuity. 

64. Theorem. Let g, X, G, TZ, fx be as in §5P and let F be a contin- 
uous homomorphism of a left unital g-module X into a uniformly complete 
left unital h-module Y. Then F induces a continuous homomorphism F : 
L{G, TZ, 12, X; g) L{G, TZ, u, Y; h) such that F{Ja f{x)fi{dx)) = F{f)u{dx) 
for each f G L{G,TZ, ii,X;g), where u = F{n) is an Y -valued measure. If 
F{g) — h, then F is epimorphic. 

Proof. U A,B eTZ with AnB = (J}, then u{A U B) := F{fx{A U B)) = 
F{iJ,{A)) + F{fi{B)) = iy{A) + iy{B) e Y. li A e TZ and u is a semi-norm 
in X, then supQ^j^G^n'^il^i^)) < ^) hence for each semi-norm f in F 
there is the inequality supc'^^^^gTj f (z/(C)) < oo, since F is continuous. If 
^ is a shrinking family in TZ with Has^i^ = then lim_4/i(A) = hence 
= lim^g_4F(/x(74)) = lim^£_4i/(A), since F is continuous. Thus u is the 
y-valued measure. 

If w is a semi-norm in Y, then Vpiq) '■= v{F{q)) is the continuous semi- 
norm in X, where g G X, hence vpi/J^iA)) = for each A & TZ and 
inevitably iV^,^^(a;) = N^^y{x) for each x & G. 

If / : G — > g is a step function f{x) — %C/ia^.(x), where aj G g, 
Aj G TZ, then F{f) = F{f) = Y.j F{aj)ChA^{x), since F(ai6i +0362) = 
F{ai)F{bi) + F{a2)F{b2) for each aj, bj G g, also 0, 1 G g, F(0) = 0, F(l) = 
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1 G h. Moreover, = ||/||^,i>p for each step function / and each 

semi-norm v in Y, consequently, F is continuous and K-hnear and has the 
continuous extension F : L{G, TZ, /x, X; g) — > L{G, TZ, v, Y; h). 

For each s e L(G, TZ, v, Y; h) and each semi-norm v inY take a sequence 
Sn of simple functions s„ : G ^ h converging to s such that — s„||,^^„ < 1/n 
for each n. If F{g) = h, then for each s„ = Yjj bj^nChA^ there exists a simple 
function /„ = Ylj aj,nChA^ such that /„ : G ^ g and F(/„) = s„, a^- „ G g for 
each j, n, where bj^n E h, Aj E 71. But {/„ : n} is a fundamental sequence 
relative to || * \\^,vf: consequently, there exists / G L{G, TZ^ji^X; g) such that 

Hf) = s. 

By the conditions of this theorem F{aiWi + 02^2) = F{ai)F{wi) + 
F{a2)F{w2) for each ai, 02 G g, Wi, W2 G X, where F{aj) G h and F{wj) G F. 
Therefore, for each step function f{x) = J2j djChA^ {x) we have f{x)fi{dx)) — 
FiY.jO'jfJ'iAj)) = EjF{aj)iy{Aj) = Jq F{f){x)iy{dx) and vfUg fix) fx{dx)) = 
v{Jq F{f ){x)h'{dx)) for each semi-norm v in Y, consequently, by the conti- 
nuity F{jQf{x)n{dx)) = Jq F{f){x)iy{dx) for each / G L{G,n, ii,X;g). 

65. Definition. Let TZ — Bco(G) be the ring of all clopen subsets of a 
zero- dimensional Hausdorff space. A measure fi : Bco(G) — X is called a 
tight measure, where X is as in §39. The family M = M{G,X) of all such 
tight measures form the K-linear space with the family of semi-norms 

where w G 5 is a semi-norm in X. In particular, if X is the normed space, 
then M[G, X) is the normed space. 

The closure of the set G G : 3ti G 5, N^^uix) > 0} we call the support 
of the measure /i. 

66. Theorem. If TZ is a covering ring of G being the base of the 

zero- dimensional Hausdorff topology in G and if ^ is a X-valued measure 
on TZ, then := jQChA{x)f{x)fi{dx) is the tight measure for f G 

L(G, 7^, /i, X; K) and the mapping ip^^ := ip : L(G, 7^, /i, X; K) 3\-^ (//x) is 
the K-linear topological embedding L{G, TZ, 11, X; K) into M{G, X). 

Proof. For each u E S the set {x e G : Nf^^u{x) > 0} is u-compact, that 
is the countable union of compact subsets by Theorem 51. Therefore, if A is 
a clopen subset in G, then CHa G L{G, TZ, fi, X; K), since for each -u G iS and 
e > there exists a sequence /„ G L{G, TZ, fi, X; K) with ||G/i^ — < l/""- 
and supports supp{fn) D {x E G : X^_„(a;) > 1/n}. Thus fii is defined on 
TZfij, D Bco(G), consequently, /// G M(G,X). Evidently ipiaf + bg) = 
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a^p{f) + btp{g) = afn + bgii. On the other hand, A^/^,«(a;) < ||/||^,«A^^,«(x), 
hence is continuous. In view of Theorem 56 u{f{x))N^^u{x) = Nf^^u{x) 
for each u e S and x e G, hence ■0 is the topological embedding. If X is a 
Banach space, then ijj is the isometric embedding. 

67. Let Y* denote the topological dual space of all continuous K-linear 
functional on a K-lincar space Y, Afat„(K) denotes the algebra of all square 
nxn matrices, n G N, BC{G, Y) denotes the space of all continuous bounded 
functions from G into Y. 

Theorem. IfG is a zero- dimensional Hausdorff space and n e M{G, Mat„(K)), 
thenBC{G,Matn(K)) C L(G', 7^, ^, Mat„(K); Mat„(K)) and \^{f) := jaf{x)n{dx) 
provides the K.-linear isometric embedding \ : M(G, Mat„(K)) BC{G, Matn(K.))* ■ 
If G is compact, then A is the isomorphism. 

Proof. In view of Theorem 56 we get the inclusion BG{G, Matn(K.)) C 
L{G, TZ, jj,, Matn(K.); Matn{^))- Moreover, the mapping A is defined and it 
is K-linear. 

Since Mat„(K) is finite dimensional over K, then its topological dual 
space is isomorphic with Matn(K). It has the natural norm topology : = 
maxi<ij<„ \bij\. If ^ e M{G, Mat„(K)), then = sup^gBco(G) maxjj |Atjj(A)| = 
supAeBco(G) — ll-^/ill' consequently, A is the isometric embedding. 

If g G BC{G, Matn(K))* , then fJ.{A) having matrix elements q{EijChA) ='■ 
fi1j{A) is and additive function on Bco(G') with values in Mat„(K), where 
Eij is the nxn matrix with 1 at the {i, j)-th place and zeros at others places. 
For each A G Bco(G) and b G Matn(K) we have bGhA G BG(G, Matn(K)). 
Therefore, //^ is defined on Bco(G'). If ^ C Bco(G) is a shrinking family and 
G is compact, then from Hyie^ A = it follows, that G since each A & A 
is closed in G. Since q is continuous, then for compact G the mapping 
is the measure. In this particular case BG{G, Matn(K)) is isomorphic with 
the space C(G, Matn(K)) of all continuous functions from G into Matn{K.). 

68. Theorem. A function f : G ^ g is /i-integrable for each fj, G 
M{G, X) if and only if f is bounded and for each compact subset V in G the 
restriction fly of f to V is continuous. 

Proof. Suppose that / is /x-integrable for each n G M{G,X). Take a 
semi-norm u E S in X and a number tt G K such that < |7r| < 1. If 
/ is not bounded, then there exists a sequence bj G G such that 6j ^ bj 
for each i j and linin^ao u{Tr"' f (bn)) = oo. Put /i := J2n'^^^nSbn, where 
Sb{A) := 1 if 6 G v4, 5b{A) = if 6 ^ A, x„ G X, = 1. Therefore, 

H G M{G,X) and N^^u{bn) = kl'* for every n G N, hence \\f\\^,u = oo 
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and / ^ L{G^ Bco(G), /i, X; g). In view of Theorem 7.9 [37] if V is a compact 
subset in G, then there exists a measure A : Bco(G) — >• K such that Nx{x) = 1 
for each x eV and Nx{x) — for each x e G\V. Take y E X with u{y) — 1, 
then /J, = y\ is the X-valued measure and -/V;/,u = C/iy. Therefore, due to 
Lemma 54 and Theorem 56 f\y is continuous. 

Suppose now that / is bounded and its restriction to each compact subset 
of G is continuous. Take any fi G M{G,X), then due to Corollary 55 the 
mapping / is Bco(G)^-continuous. If z e g, then G L(G, Bco(G), /x, X; g), 
where qz{x) — z for every x E G. Take ^ G g such that u{f{x)) < u{z) for 
each X E G, consequently, in view of Corollary 57 f E L{G, Bco(G'), /x, X; g). 

69. Definition. Let G be a zero-dimensional Hausdorff topological 
space. If for each U C G it is clopen in G if and only il U CiV is clopen in 
V for each compact subset V in G, then G is called the fco-space. 

70. Corollary. IfGisako-space, thenBG{G,g) = n^GM(G,x) -^(G^; Bco(G), X; g). 
Proof. By Theorem 3.3.21 [10] a mapping / : G ^ F of a A;-space G into 

a topological space Y is continuous if and only if for each compact subset V 
in G the restriction /|y of / to ^ is continuous. Therefore, due to Theorem 
67 we get the statement of this corollary. 

71. Definition. A functional J G BC{G,g)* is said to have a compact 
support, if there exists a compact subset K in G such that J{f) — for each 
/ G BC{G, g) with f{x) = for every x eV. 

A hood on G is a mapping /i : G — > [0, oo) such that the set {x E G : 
h{x) > e} is compact for each e > 0. A subset W C BC{G,g) is called 
strictly open if for each f E W and a semi-norm u E S in g there exists a 
hood h such that W D {g E BC{G,g) : snp^^^Q u{f{x) — g{x))h{x) < 1}. 
Strictly open subsets in BG{G,g) form a topology in BG{G,g) called the 
strict topology. 

72. Theorem. The following conditions on J E BC{G, Matn{K.))* are 
equivalent: 

(1) there exists ^ E M{G, Mat„(K)) such that J = \^ (see Theorem 66); 

(2) for each e > there exists a compact subset V in G such that \J{f)\ < 
max{||J||sup,ey ||/(a;)||,e||/||) for every f E 5G(G, Mat^(K)); 

(3) J is the limit of elements in BG{G, Matn(K))* having compact sup- 
ports; 

(4) J is strictly continuous. 

Proof. If Wi and W2 are strictly open, f E W = Wi H W2, u E S, 
then there exist hoods hj such that Wj D {g E BG{G,g) : sup^^Qu{f{x) — 
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g{x))hj{x) < 1} for j = 1, 2, then W ^ {g e BC{G, g) : v{f{x)-g{x))h{x) < 
1}, where h{x) = meix{hi{x) , h2{x)) for each x is the hood such that {x G 
G : h{x) > e} — {x E G : hi{x) > e} Li {x e G : h2{x) > e} is compact for 
each e > as the union of two compact sets. Thus strictly open subsets form 
a topology. 

The K-algebra Mat„(K) is normcd. Since Afat„(K) is the finite dimen- 
sional space over K its topologically dual space is isomorphic with Mat„(K). 
For a compact subset W in G let Rw denotes the restriction mapping Rw : 
BG{G, MatniK)) C{W, Mat„(K)). In view of Theorem 5.24 [37] there ex- 
ists a K-linear isometric embedding Tw : C{W, Mat„(K)) PC{G, Mat„(K)) 
such that Rw o Tw = I, since n G N, where PC{G,X) denotes the closed 
K-linear hull in BC{G, X) of the subset {C/i^ : A G Bco(G), A is compact}. 

If J = with IX G M(G,Mai„(K)), then A^^ is the hood and |J(/)| < 
||/||jv^ for every / G BG{G, Matn(K.)), consequently, J is strictly continuous, 
that is, (1) =^ (4). 

If J is strictly continuous take tt G K with < |7r| < 1. There exists 
a hood h for which {/ : \\f\\h < 1} C {/ : |J(/)| < |7r|}. Therefore, 
|^(/)| < ll/IU for each /. For e > put W :^ {x e G : h{x) > e}. If 
/ G BC{G, Matn(K)), then take g := TwRwf: hence J(/) = Jif-g) + Jig) 
and \J{f-g)\ < sup^gG \\fix)-g{x)\\h{x) < sup,^^a\w \\fix)-9ix)\\e < \\f\\e 
and \ J{g)\ < \\J\\\\g\\ < ||J|| sup^g^y 11/(^)11 > consequently, (4) =^ (3). 

Suppose that (2) is satisfied, then Jw has the compact support. There- 
fore, I J(/) - Jwif)\ = \ J{f - TwRwf)\ < 4f ' TwRwfW < e||/||, conse- 
quently, II J — Jw\\ < hence (2) ^ (3). 

Let (3) be satisfied. We have that M(G', Mat„(K)) is complete and A 
is the isometry, consequently, the range of A is closed in BC{G, Mat„(K))*. 
Therefore, without loss of generality consider J with the compact support. 
Suppose that W C G and J(/) for / vanishing identically on W. Put 
fjifjiA) := J{Eij ChA) for each A G Bco(G) and all i,j — hence 
/X : Bco(G') Afat„(K) is additive, where Eij is the matrix with the element 
1 at the (i, j)-th place and zeros at others places, ^{A) = IJ^'^{A) is the matrix 
with matrix elements /i^j(A). Then N^i^x) = for every x E G\W and iV^ 
is bounded on G, consequently, fx is the measure on Bco(G). 

The normed space C(Vl^, Mat„(K)) has an orthonormal base consisting 
of functions EijChA, where i,j = l,...,n and A G Bco(G). Suppose that 
/ G BC{G,Matn(K)), then there exists A^ G Bco(G) and bk G Mat„(K) 
such that bk = akEiik),j{k) and liuik^^ak = and / = T^khChA^ uni- 
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formly on W. Therefore, ,/(/) = J{T.kbkChAj = T,k(ikfJ'i{k),j{k){Ak) = 
SGT.k'ikChA^IJ^i{k),j{k){dx) = iGEkhl^iAk) = !Gf{x)i^{dx), since n{A) = 
Ei,j=iEijJ{Eij CHa), consequently, (3) (1). 

73. Corollciry. Let G and H be zero- dimensional Hausdorff spaces, 
let also X be a complete topological algebra over K. If ^ E M{G,X) and 
V G M{H, X) are tight measures, then ii x u is a tight measure on G x H , 
iixve M{G X H,X). 

Proof. This follows from Theorem 72(2). 

74. Example. Consider convolutions of tight measures. Suppose that 
G is a zero-dimensional Hausdorff topological semi-group and X be a topo- 
logical algebra over K. For /U, z/ G M{G,X) and / G BG{G,g) define 
Jf := Jq f{xy){fj.{dx) x u{dy)). If m G 5 is a consistent semi-norm in X and 
g, then u{Jf) < sup^y^Qu{f{xy))Nf,^u{x)K,u{y)- For each e > we have 
that := G G : iV^,n(a;) > e} and := G G : N^,u{y) > e} 
are compact, hence their product G ^_u,tG ,^^u,e is compact, moreover, u{Jf) < 
max{sup{M(/(2;)) : z G G f,^u,eGu,u,e}\\tJ'\\u\W\\u; ||/lkll/"IUe; ll/ll«||«^|Ue}. There- 
fore, J is induced by a tight measure denoted hy fj,* u such that Jq f{x)[iJ, * 
i']{dx) = Jq f{xy){fx{dx) x i^idy)) for each / G BC{G,X). In particular, for 
/ = GHa with A G Bco(G) wc get 

(i) * v]{A) = {iix i^)i{ix,y) eGxG,xye A}). 
The tight measure fi * u is called the convolution product of /x and u. Evi- 
dently, {all + 6C) = {an + {b( * u) and ii * {av + bC,) = {a/j, * t^) -|- {b/i * Q 
for each a, 6 G K and A*, i^, C £ M{G, X), since K is the commutative field. 
Hence M{G,X) is the algebra with the addition {fi + u){A) = iJ,{A) + ^{A) 
for each A G Bco(G) and the multiplication given by the convolution product 
of measures. 

From (i) it follows, that iV^*i.,n(^) = sup^^y^G,xy=z ^n,u{^)^'^,u{y) < 
consequently, M{G, X) is the topological algebra with the family of semi- 
norms \\iJ>\\u '■— ^'^PxeG ■^n,u{x), u & S, such that * < for 
each e M{G,X). 

75. Lemma. The mapping 3 9{S I) and Conditions 35{M1 — MA) induce 
an isometry between L^(7^(G),g) and L^(^,g). 

Proof. At first demonstrate, that there exists a linear isometric mapping 
of L0(7e,g) on LO(e,g). Let f{x) = Efe afeG/i^, (2:) and g{x) = T.ibiChA,{x) 
be simple functions in L'^{TZ,g), where ak,bi G g (see Definition 39). Then 
due to Conditions 35 (Ml — M4) and 39(1 — 7) there are the equalities: 

(1) M[{Ja[f{x)C{dx)), {!ag{xndx))] = EkiakMHAk) 
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since 3 {a, b} i— > [a, b] G Lc{g) is tlic continuous mapping, fJ.{A) G Lc{X) 
for each A e TZ. 

In view of Lemma 38 there exists the K-valued measure Tr/i. Therefore, 

(2) M((/^/(x)e(rfx)), i!^g{xMdx))) = EfcTr(6^a,//)(Afe) 
= lGTrig^ix)f{x)fi){dx), 

since 9 {a, b} i— > (a, 6) G K is the continuous mapping from g^ into the 
field K, where {Trfj,){A) := Trn{A) for each A G n{G). 

If Fi G Lin{X) and F2 G Lc(X), then F1F2 G Lc(X). To each 6 G g 
there corresponds the K-linear continuous operator X 3 x bx E X. 
Naturally Lin{X) and Lc{X) are the left g-modules, since (bF) G Lin{X) 
for each F G Lin{X) and G Lc(X) for every F G Lc(X) and each 

6 G g, where {bF){x) := b{Fx) for all x e X. Since n{A) G Lc(X) and 
g^{x)f{x) G g, then (x) f {x) iJ,{A) G Lc(X) for each x G G and A G 7^(G') 
and all f,ge L0(7^,g). 

Take in L°(7^, g) the semi-norm 

(3) ||/||2,M = [^^VxeGNTrfTfi^ix]] 

and in g) put 

(4) WvfhN, ■■= [sup,,Gl(/(^)^W,/(^)e(a:))|iVp(x)]V2 

for each 77 = Jq f[x)^{dx). The semi-norm (4) is continuous relative to the 
family of semi-norms 43(1). 

Semi-norm (3) is continuous relative to the family of semi-norms: 

(5) :=sup^gG^F/M,«(^)• 
Since M{{a^{A), b^{A))) = Tr{b^a^{A)) for each A G 7^(G'), then NrrfTf^ix) = 

infyle7^(G),xeA WAy^fTf^, where {f'^ffi){dx) = (x) f (x) fi{dx) . At the same 

time M{a^{B),baB)) = Ua^{u;, B),bau;, B))P{du;), \M{aC{B),bC{B))\ < 

suPa,en |«(^, B), b^{uj, B))\Np{u) for each a, 6 G g. 

In view of Lemma 38 Trg^fjj, is the measure for each f,g E L°(7?., g), 

consequently, taking a shrinking family S in TZ{G) such that flAes A — {x} 

gives 

NTrgTff,{x) = iniAen{G),xeA[snpB^T^^a).BcA,,k^^Pc,en,k \{ak^{^, B),bk^{uj, B))\Np 
Thus NTrgT f^X^) = infAe7^(G),x•eA[sup5g^(G),BcAfe,fc &fcC(*, ^))IU2(p,k)] 

and \\Ak\\TrgTf^, = \\{ak^{*, Ak),bk^{*, Ak))\\L2(p)] for each /c = l,...,mdueto 
Lemma 2 and due to the choice ||^fc||Tr6^afc// — \Trb'^akiJ>{Ak)\ without loss 
of generality. 

On the other hand, M[a^{A),b^{A)] = b^a^^A) G Lc{X) for each A G 
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n{G). Then N^,t^^.^{x) = mfAenG),xeA[supBGTZ{G),BcAu{b^(iKB))] 
< u{}Fa)Nf,.a{x) < oo, where A^^,„(a;) := 'm^A(^^z{G),x&A[&r^Y>Ben{G),BcAu{l^{B)) 
Therefore, = ||/||2,p,u for each / e L°(7^, g) and each consistent semi- 

norm um.g,X and Lin{X). 

The mapping if) from 39(5'/) also is K-hnear from L^{^^ g) into {71(G), g) 
such that ip is the isometry relative to the consistent semi-norms 43(1) and 
75(5) due to Formula (1) and Lemmas 2, 45 and Theorem 56. 

Two spaces L'^{P, g) and -L^(/x, g) are complete by their definitions, conse- 
quently, ■0 has the K-linear extension from L?'(TZ{G),g) onto L^(^,g) which 
is the isometry between L^(7^(G),g) and L^(^,g). 

76. Definition. If / e L2(7^(G'), g), then put by the definition: 
r] = i^{f) = lGf{^)adx). 

The random vector 77 we call the non-archimedean stochastic integral of 
the function / by an orthogonal stochastic measure ^. 

77. Remark. Consider random vectors of the form: 

ri{t) = Jq g{t,x)$,{dx), where ^ is an orthogonal stochastic measure on 
a measurable space {G,TZ{G)) with values in X and a structural measure 
fjL with values in Lc{X) as above, t e T, g{t,x) e L'^{G,Tl{G), n,g) as the 
function by x E G for each t eT, where T is a set. 

The covariance operator of a random vector 1] is 

(1) B{ti,t2) = M{rf{ti),ri{t2)} = JG{9^{ti,x), g{t2,x)}i^{dx), moreover, 

(2) M{r){U),rj^{t2)} = Jcigitux), g^{t2,x)}Tri^{dx) 

in the notation of §§31, 39, where X is the left g-module, while Lc{X) 
is supphed with the natural structure of the left Lc(g)-module, {a^, b} e 
Lin{g), {a,b^} G g for each a,b e g. Denote by L'^{g} the closure in 
L'^{G, 71{G), fi, g) of the K-linear span of the family of functions {g{t, x) : t G 
T}. Therefore, L'^{g} is the K-linear closed subspace in L'^{G,1Z{G), ii.g). 
If L'^{g} = L'^{G,7l{G),i^,g), then the system of functions {g{t,x) : t e T} 
is called complete in LF'{G,TZ{G), ii,g). 

Let {ry(t) : t G T} be a X-valued random vector. Denote by L^{ri} the 
family of all random vectors of the form: 

C — J2k=i'^kV{'tk), where / G N, G T, a*; G g. Then L'^{ri} denotes the 
closure of L^{r]} in L^{n, 7^, P, X). 

A family of random vectors {(p : G LF'{Vt,TZ,P,X); (3 G A} is called 
subordinated to the random X-valued function {ri{t) : t G T"}, if C/3 £ ^^{v} 
for each /? G A. 
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78. Lemma. If X is a left g-module, then Lin{X) is a left Lin{g)- 
module, Lc{X) is a left Lin{g) -module as well as left Lc{g) -module. 

Proof. Let xEX,yeg, Ae Lin{g) and B e Lin{X), then Bx e 
X, y{Bx) e X and Ay G g, hence AyBx G X, since the left module is 
associative. Particularly for 1 G g it gives AB G Lin{X). Therefore, there 
exists the multipUcation Lin{g) x Lin{X) 3 {A, B) i— > AB G Lin{X). If 
B G Lc{X), then AyB G Lc{X), since vB G Lc{X) for each v G g. In 
particular, for y = 1, consequently, Lc(X) is the left Lin(g)-module and 
inevitably left Lc(g)-module, since Lc{g) C Lin{g). 

79. Theorem. Let a covariance operator B{ti,t2) of a random X -valued 
function {rjit) : t G T} admits representation 76{1), where X and g are as in 
§§c?0 and 39, n is a Lc{X)-valued measure on {G, 71(G)), = ii, g{t,x) G 
L'^{G,n{G),fx,Lc{X);g) for each t e T and the family {g{t,x) : t e T;} 
is complete in L'^{G,TZ{G), /i, Lc{X);g). Then r]{t) can be presented in the 
form: 

(1) 7]it) = lG9it,x)adx) 

with probability 1 for each t E T, where ^ is a stochastic orthogonal X- 
valued measure subordinated to the random function r]{t) and with a structure 
function /x. 

Proof. Consider functions of the form: 

(2) fix) = Ei=ibkgih,x), 

where tk eT, bk e g, I e N. Put 

(3) ^(/) = C = Yl!'k=i^kf]{ik) ■ Denote by L^{g} the family of all vectors 
of Form (2). In L^{g} there is the K-bi-linear functional: 

(4) (/i,/2) ■.= !G{fl{x)J^{x)}Tr^^{dx). 

In view of Lemma 75 the mapping C, = ip{f) is the K-linear topological 
isomorphism of L^{g} onto L^{r]}. When particularly X and g are normed, 
then ip is the isometry. Thus ip has the continuous extension up to the 
K-hnear topological isomorphism of L'^{g} onto L'^{r]}. 

If A G n{G), then CHa G L'^{G,n{G), fi,g), since 1 G g. But L^{g} = 
L'^{G ,TZ{G) , fi, g) due to completeness of the family {g{t,x) : t G T}. There- 
fore, CHa G L\G,n{G),i^,g). Put ^{A) := ipiChA), then i{A) is the or- 
thogonal stochastic measure with the structure function // due to Lemma 78, 
since (5) M{(^ {A),^{B)} = fa{Ch^A{^),ChB{x)}n{dx) = n{Af\B) for each 
A,Be n{G). 

Letnow7(t) := g{t, x)^{dx). Since M{r/^(t), ^(A)} = JG{g^{t,x),ChA{x)}fx{dx) 
and M{^^{A),r]{t)} = jQ{ChA{x), g{t,x)}ii{dx) and ip is the K-linear topo- 
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logical isomorphism, then M{ri'^(t),j{t)} = M{j'^{t).r]{t)} = jQ{g^(t,x), g(t,x)}iJ,{dx). 
Therefore, M{ChAivit)-7it)f ,ChAiv{t)-l{t))} = M{ChAv'\t),ChAVit)}- 
M{ChAv'^, ChAlit) } - M{ChAl'^{t) , ChAVit) } + M{ChAl'^{t) , ChAlit) } = 
for each A e 7?.(G'), consequently, 79(1) is accomplished with probability 1 
for each t & T. 

80. Definition. Let rjit) be a g-valucd stochastic process or stochastic 
function such that for each n G N and each ti, t„ G T with t,t + ti, ...,t + 
tn the mutual distribution of rj{t + ti), .■■,rj{t + tn) is independent from 
t, where T is an additive semigroup. Then r]{t) is called the stationary 
stochastic function, where P : 7^ K is a probability measure. 

Suppose that T is a uniform space. A g-valued stochastic function ri{t) G 
L^(r2, 7^, P, K; g), t G T, 1 < 6 < cxD, is called mean-6-continuous at to G T, 
if there exists lim^^^g r){t) = r){to) in the sense of convergence in the space 
L^{ft, TZ, P, K; g), when t tends to to in T. In particular, for 6 = 2 it is mean- 
square continuity and convergence respectively. If ri{t) is mean-6-continuous 
at each point of T, then ri{t) is called mean-6-continuous on T. 

81. Suppose that an algebra g over Cp has a uniformity r relative to 
which it is complete. Let g has a Qp-linear embedding into co(7, Qp) for 
some set 7 such that the norm uniformity n„ in g inherited from the Banach 
space Co (7, Qp) with the standard norm || * || is not stronger, than r, that is 
Uu C r, moreover, g is everywhere dense in (co(7, Qp), || * ||). 

Theorem. Let 77 (t) be a stationary mean-square-continuous stochastic 
process with values in g, t & T — Cr, where r and p are mutually prime 
numbers, Mrj{t) = 0, then there exists an orthogonal g-valued stochastic 
measure ^{A) on Bco(Cr) subordinated to r){t) such that 

(1) V{t) = Icr9{t,x)^{dx), 

where g{t,x) is a Cp-valued character from the additive group (Cr, +) into 
the multiplicative group (Cp, x). Between L'^{r]} and L'^it^} there exists a 
K-linear topological isomorphism ip such that 

(2) i;{n{t))=g{t,*),i,{aA)) = ChA,if 

(3) Q=m), thenQ = j^J,{x)^{dx) andM{Cf,C2} = JcAhi^f J2{x)}^i{dx). 

82. Definition. Formula 81(1) is called the spectral decomposition 
of the stationary stochastic process. A measure ^{A) is called a stochastic 
spectral measure of the stationary stochastic process r]{t). 

Proof of Theorem 81. Since r/(t) is a stationary stochastic process, 
then for each continuous function / : g" — K the mean value Mf{r]{t + 
ti), ...,r]{t + tn)) is independent from t, where n G N. By the condition of 
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this theorem r]{t) e L^{fl, TZ, P, Cp; g), consequently, there exist Mr]{t) = m 
and 

(4) M{[^{t) - mf, [^{q) - m]} = B{t - q) e Lc{g) for each t,q e C^, 
where m = 0. Evidently B'^(t — q) = B{q — t) for each t, g G Cr- 

Consider now Cp-valued characters of (Cr, +) as the additive group, 
where r = p\ p ^ p' are prime numbers. For p-adic numbers x = Y,^=n ^kP^i 
where x e Qp, Xk G {0, 1, ...,p- 1}, N e Z, N = N{x), xn ^ 0, Xj = for 
each j < N, put as usually ordp{x) — N for the order of x, thus its norm is 
kkp = P^^- Define the function [x]q^ := Y^k^^XtP^ for iV < 0, [xjqp = 
for > on Qp. Therefore, the function [x]qp on Qp is considered with 
values in the segment [0, 1] C R. 

Consider the field Cr as the vector space over the field Qr- There is a 
multiplicative non-archimedean norm | * jc^ = | * | in Cr, which gives the 
uniformity in it. Take an equivalent uniformity given by a norm | * |,. such 
that \x\r G {r' : / G Z} U {0} for each x G Cr- If x 7^ put \x\r ■— min{r' : 
\x\cr <r\lE 7a}, |0|r = 0, hence 

{i) \x\r/r < \x\c^ < \x\r for each a; G Cr 
and inevitably Cr is the topological vector space over Qr relative to \x\r. 
Since Cr is the extension of Qr, then the restriction of | * on Qr is the r-adic 
norm. On the entire Cr this | * 1^ in general need not be multiplicative. Verify, 
that it is indeed a non-archimedean norm. At first \x\r > for each x G Cr, 
\x\r = if and only if x = due to {i). li x,y G Cr, a; 7^ 0, |/ 7^ 0, then 
kl = \y\ = ''^'^1 \x + y\ = f'^ with a, 6, c G R, c < max(a, 6), where r > 2 
is a prime number. Then \x\r — r^, \y\r — r^, \x + y\r = r*^, where a < A, 
b<B,c<C,A, B,C^Z are the least integers satisfying these inequalities. 
Therefore, C < 'max{A, B), consequently, < max(|x|r, \y\r) for each 

x,y e Cr. 

In view of Theorems 5.13 and 5.16 [37] the Qr-linear space (Cr, | * |r) is 
isomorphic with Co(a, Qr), where a is a set, which is convenient to consider 

as an ordinal due to Zermelo theorem [10]. 

Let {x,y) := {x,y)Q^ := T^jf^a^jVi for x,y e Cy., x = {xj : j G a.Xj G 
Qr). This series {x,y) converges in Qr, since for each e > the set {j : 
\xj\r > e} is finite. 

If X is a complete locally Cr-convex space, then it is the projective limit 
of Banach spaces Vu := X/Yu over Cr, where := {x E X : u{x) = 0}, u is 
a semi-norm in X, -u G iS [33]. Each Vu can be supplied with the structure 
of a Banach space over Qr. Therefore, X can be supplied with the structure 
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Xr of the complete locally Qr-convex space with a topology r^. 

Consider the case of such X, when Xr has an embedding into co(/3, Qr) 
for some /3 > a and the norm topology of | * |r in X^ inherited from 
cqIB, Qr) is such that D n^. Then each Qr-linear continuous functional on 
(co(/3, Cr), I * |r) is also continuous on (X^, r^). 

Define also a character with values in Cp for {X, +) as the additive group, 
r ^ p. Put 

Xr,p;s{x) — e'^*'^^*^"-'*^"-/^, where e = 1^ is a root of unity in Cp, z — 
^ordr[{s,z)Q^]Q^ ^ s^z E Xr Or we cau consider s, 2; as elements in X as well 

(see above). 

For a tight measure fi : 7^(X) — * Lc{g) or n : 7?.(X) — Cp the charac- 
teristic functional fi is given by the formula: fi{s) := fx Xr,p;s{z)n{dz), where 
s e Xr, X is over Cr- 

In general the characteristic functional of the measure fi : 'R-{G) Lc{g) 
or /i : 71(0) Cp is defined in the space C°(G, Cr) of continuous functions 

/ : G ^ Cr 

A(/) •= lGXr,p;i{f{z))ii{dz), where 1 G Cr, G is a totally disconnected 
topological Hausdorff space with a covering ring TZ{G). 

In view of Theorems 2.21 and 2.30 [31] and Theorem 64 and (4) above 
there exists a Lc(g)-valued measure fi on Bco(Cr) such that B{t) = Jq^ Xr,p;i{ty)lJ'{dy). 
Functions g(t,y) := Xr,p;i(ty) are continuous and uniformly bounded. Since 
\9{t:y)\cp = 1 for each t,y e Cr, then g{t,y) G L^{i^}. 

In view of the Kaplansky Theorem A. 4 [38] and Theorem 56 above the 
family of functions {^'(t, 1/) : t.y G Cr} is complete in L^(g, Bco(g), Lc(g); Cp). 
Thus statements 81(1 — 3) follow from Theorem 79. 
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